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THEORY OF ELASTICITY WITH LARGE DISPLACEMENTS AND ROTATIONS

INTRODUCTION. In the case of two-dimension-
al strain the original coordinates x, y of a
point attached to the elastic body become §
=X + u, =7y + v after deformation.

In the classical theory of Elasticity the
"strain components”

®
<
3
]
Q

(1)

and the "rotation"

W = __au)

are considered to be all small quantities of
the first order so that their squares and prod-
ucts are negligible terms of the second order.

The restriction of the classical theory to
small strains justifies in most cases the use
of a linear stress strain relation known as
HOOKE's law and leads therefore to equations of
great practical value by their simplicity and
generality. However, there 1s no necessity to
assume that also the rotation «w is small since
it may become large with respect to the strain
while the latter is still a small quantity.

The question thus naturally arises: What
terms must we add to the classical equations
of Elasticity when the possibility of large ro-
tations and small strains 1s taken into ac-
count? The present paper 1s an attempt to an-
swer this question.

We shall be led to equations applicable to

such phenomena as the bending of s stiff string
with fixed ends or the bending of a thin

clamped plate for which the non-linear effects
are not negligible and the classical theory of
Elasticity breaks down.

We note also that the rotation and the
strain are not independent. They are related
by the identities
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Therefore the assumption that the rotation is
large with respect to the strain implies that
the dimension of the material is small in a di-
rection perpendicular to the gradient of the

(2)

rotation.

As a matter of precsution we have estab-
lished equations in which appear all the second
order terms of geometrical origin whether they
contain the rotation or not. We are therefore
in a position to deduce as a direct consequence
the linear equations of Elasticity for a mate-
rial under initial stress and solve at the same
time the problem of Elastlic stability which has
already been the object of many Investigations
by R. V. SOUTHW D, C. B. BIEZENO, H. HENCKY&?
TREFFT etc. The form of our stabllity equa-
tions are new; they show the separate effects
of shear and stress gradient.

In order to simplify the writing the theory
shall be developed for the case of two-dimen-
sional strain. The three-dimensional theory
does not involve any new methods or ideas and
the equations for this case shall be stated
with a short comment at the end of this paper.

STRESS AND STRAIN. A first step is to de-
fine clearly what is meant by stress, strain
and rotation. We consider an homogeneous de-
formatlion such that a square S drawn on the
material is transformed into a rectangle R,
while the sides keep fixed orientations I, IX
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Geometrical interpretation of the co-
efficients of the homogeneous transfor-
mation (3) with symmetrical coeffic-
ients. A certaln square S is trans-
formed into a rectangle R without rota~
tion of the sides.

Fig.la

(Pig. la). 8Such a deformation is represented
by the linear transformation with symmetric
coefficients

E= (I+e)x + e,y
n= enX + (1 + ezx)y
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The coefficients e, , €.z, €,, define a pure
deformation; they are the strain components.
The stress components referred to same direc-
tions are &5, , T2z s 052 , they depend only on
the above strain components. For instance if
we assume HOOKE's law we have

o!-! = A(e“ + eaz) + 268"
Go= A(Eu + €22) + 2Gey;
O= 2G€.

If, after the preceding deformation, we ro-
tate the material through an angle & (Fig.lb)
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Fig.lb Geometrical interpretation of the co-
efficlents of the homogeneous transfor-
mation (5) with non symmetric coeffic-
jents. A certain square 8 1s transformed
into a rectangle R with a rotdation €
of the sides.

the result of these two operations is repre-
sented by the relations

E=(l+e)x + (exy~w)y

7 =(ey+w)x+(l +e,)y (5)

This is the most general linear transforma-
tion. The problem that we have to solve gener-
ally 1n the theory of Elasticity i1s to find the
angle of rotation € and the coefficients e,

€,2 €4z of the pure deformation in terms of
the coefficients @xx, €yy, €xy , W.
We find for the rotation &,

(7]
‘tanﬁ = |+ —é'(exx"'eyy) (6)

In first approximation & = w

The approximate expressions for the strain
components, including the first and second or-
der terms, are

e" = exx + exyw + 'é_wz

€22=Cyy — ExyW + FW?

(7)
€= e,y + al(eyy - exx)w
Identical expressions for the stralin will

be found if we follow the classical method of
considering the length element after deforma-
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tion

dsz = gud)(z' + Zgndxdy + gzzd,yl

gu=1+2 [e,,,‘ +%e§, + la(exy-l—w)z]

!
9= 1 + 2[e, +5ejy + 5 (exy — w)?]
Gio= €xy + 5 Exx(Cry— W) + L ey (Ery +w)

(8)

It can be seen that if we neglect the squares
and products of e, , €,, and €xy WE find for
the strain the same expressions (7).

If we assume the strain to be small but the
rotation to be large with respect to the strain,
we may neglect the terms ey, w and 1/2( ey, -

€xx Jw with respect to cw? and write

ey = entywt 9)
l

€p= eyy+ 5 w?

€2 = Cxy

The above analysis 1s valid for a non-homogene-
ous deformation provided we use the values (1)
for the coefficlents.

We shall now consider the stress condition.
In a non-homogeneous deformation, an infinites-
imal reglon around a point x, y is transported
to the point & = x + u =y + v. In this
new position 1t has undergone a. rotation w and
a pure homogeneous deformation. Since the
stress condlition ignores the rotation 1t 1is
natural to refer the stress components o
Gy O at the point x + u y + v after de-
formation to rectangular directions 1, 2, de-
rived from the directlons x, y by a rotation w

(fig. 2). The stress components referred to
Z Y
Oyy
9 .G
\
G
B G G _ 4
G,
f=w
+—X E=2tu X
7=§f+w
Xy
Fig.2 Stress conditions at point g,7 after de-

formation with the components oi., o,
Oy, referred to the original directions
X,y and the components o, 03,, O, re-
ferred to the rotated directions 1,2.
the directions x, y are gilven with first and
second order terms by
Gx= Oy —20,W
Oyy= O+ 20w

Gy= Op+ (-G W

(10)
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This is deduced from the well-known transforma-
tion relations for the stress tensor when we
change the orlentation of the axils.

Our procedure amounts to referring the
stress-strain condition at a certain point to a
set of axes originally parallel to the direc-
tions x and y and rotated with the material at
that point.

This is associated wlth the fact that we
have performed first the pure deformation (3)
and then the rotation. Truly enough we could
have performed flrst the rotation and then the
pure deformation and calculated the symmetric
coefflcients of the latter; they would be dif-
ferent from (7). However they would represent
the same pure deformation as (3) but referred
this time to the original axes instead of the
rotated ones.

We prefer the first method because it leads
to the equilibrium equations (19) (instead of
18) 1in which the second order terms have an in-
tuitive physical meaning.

THE EQUILIBRIUM CONDITIONS. A second step
in this analysis will be the development of the
equilibrium equations in terms of the stress
components o, o, o, and the original co-
ordinates x, y. As a matter of precaution we
shall take into account all the terms of the
second order whether they contain the rotation
or not,

After deformation the material is in equi-
librium and therefore the stress components

Gix Oyy Oxy must satisfy the well-known

conditions
SF 4 "—f;’y + u(ENX(E,p) =0
(11)
S5+ S+ MENY &) = 0

where X (£, ;7) and Y (&,7) are the components
of the body force per unit mass at point g,
and./l(g, the specific mass of the material
after deformation.

Now we wish to express these conditions by
means of the initial coordinates x, y instead
of the coordinates 4§5 y after deformation.
This is a purely mathematical transformation

which 1is carried through as follows. We have
for instance

O, Oy X Ox

a"" —J—J‘a —ga a""a etc. (12)

In order to find the partilal derivatives ox/9E&
oy /& etc. we write

dg = (|+
dn 3y

Solving these equations with respect to dx, dy

ﬂ)dx + a‘)‘,dy

(13)
Y)dy

dx + (|+

in terms of d , dg we find

Ly — L 2u g4
dx""(';ay)d; ey 7 (14)
=1 9V 142U
dy =—5 5x at +D(I+ x)
| +2U  du
X oy
where D = (15)
ox Iy
is the Jacoblan of the transformation of the
variables x, y into £,»n . We deduce
ox =L+ &x __Lgu
o
EJ3) 7 D 9y (16)

y
8%1__1__5&
08 D ox

We also note that the specific mass /D(X,y)
at point x, y before the deformation is

P (X, Y) = D/L((gi ’7)

By means of relations (12) (16) and (17) we
are now in a position to transform the equilib-
rium conditions in terms of the original coor-

(17)

dinates x, y. We find
A o o0; o
ax T 3y tewax T ewgy”

—(exy—w)g%‘l —(exy-+w)g—- + pX(E, ) =

aa; do; (18)

aq; I,
x° * 3y tewoax t ewgyt
—(exy—w)‘a—aaz (exy'f'w) 80'= + FY(§:'7)= 0

These equations contain no approximation. TLet
us novw Iintroduce the components of stress ¢,
0, Oz with respect to rotated axes. By
substituting relations (10) in the above equa-
tions and keeping only the terms of the first

and second order, we find

a0,

—a—— +—a—?" +/DX(X,Y)
+/au—37 +,ov—§——- + w/oY
20;1‘3")‘:-&-(0;,—0&)3%

+ eyy%%" + exxg—;”‘ - exy(ao;’ +—37'§ =0

_g%fz + —ggz:i +PY(xy)
+/>u—a—— +p v—a——ay + wpX

ow.

dy

+ (03 - zz)ax + 205
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o a3 g, . ac;
* @y ax T exgys e"y(a £+ gx2)=0(19)

These are the equilibrium equations with all
the second order terms.

The physical interpretation of these equa-
tions is quite obvious., On the first line we
have the classical terms. Among the second or-
der terms those wrltten on the third line are
quilte remarkable as they show that the gradient
of the rotation or "curvature" has only an ef-
fect through the existence of shear, The ef-
fect of the curvature of an element of the ma-
terial appears for two reasons, first through
what we might call the "string effect" because
of the analogy with the stress condition in a
string under tension, and second through the
difference of area of opposite sides of the el-
ement (Fig.3.).
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Flg.3 The second order terms due to curvature

in the equilibrium condition for the
horizontal direction.

On the fourth line are terms depending on
the stress gradient and the deformation. They
represent some kind of "buoyancy" effect due to
the deformation of an element in the stress
field. In many applications the buoyancy terms
will be negligible.

The boundary conditions are found to be

[at_l(|+eyy) —szexy -~ 0,'7_60] dy
~ [ 1+ &) — dieny — gz w]dx = dF;
(2

[Cﬂi(l*'evﬁ

- [agz(l + €xq) =R Exyt+ T w]dx = dFy,

0)
= Gz By t+ Oy w]d)’

where dE,, dFY are the components of the force
apprlied to an element of arc dx, dy . If we
neglect the strain with respect to the rotation
the boundary conditions become

(o - o w) dy (01, — Gzpw) d x
(g + g w) dy (022 + Cow) dx =

I

dFy(EI)

MATERIAT, UNDER IN1TIAL STRESS. Consider a
material for which the initial state character-
ized by the coordinates x and y is already a

M. A. BIOT

stressed state. The stress components referred
to the directions x and y are denoted by S
Sz: Sz« Since this Initial stress system i1s
in equilibrium we have the conditions

aiu + 8‘30 + on=0
where X,Y are the components of the body force
per unit mass, and is the specific mass in
the condition of initial stress.

We now introduce a small deformation of the
material so that the coordinates x, y of a
point in the material become x + u and y + v, u
and v being small increments. The stress com-
ponents referred to axes originally parallel
wlth the x, y directions and undergoing at eve-
ry point the same rotation «w as the material,
become 8,y + O, 5 Sz + 0, , S, + O,
(fig. 4). The small stress increments o,

(22)

/11777777

%4
X
Fig.4 The stress condition after deformation
in a material initially under the
stress §,,3;255,,-
0z» O, are functions only of the strain and

this functional relation may generally be taken
as linear, Also i1f the initisal shear 1s not
too high the stress-strain relation will be
generally isotropic. We also adopt for the
strain tensor the linear expressions

€y = Exx €= Cxy

The total stress must satisfy the equilib-
rium conditions (19). In these equations we
substitute 3, + o, for o, , 8;, + 0z,

0z, and 8,, + o for 07, . Keeping only
those terms which are linear with respect to
the 1ncrements of stress and coordinates, and
taking into account the initilal equilibrium
conditions (22), we find

e..-ey,

for

g,
X

+-§_0:L+Puax + PV Sy aX + wpY

-2 Stz‘é_x— +(S)=S22) 5"",’
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ey 1 e, as,z WL 95, , 35g_

B3 3L o
+ (311"322) OX )’

+ eyy—a—-& + Cxgyon 95" ex:(—a—‘;%g;i%) =0

(23)

The boundary conditions are similarly deduced
from (20) and (21).

The terms written on the second line of
equations (23) are those arising from the ef-
fect of the curvature and the existence of
shear in the initial stress. On the third line
we have the buoyancy terms due to the deforma-
tion of an element in the initial stress field.

We willl now consider two types of phenomena
for which one of these groups of terms alone
has a domlnant influence.

Elastic stability. In the case of buckling
the buoyancy effect 1s generally negligible
with respect to the effect of shear and curva-
ture. ' If there 1s no body force the equilib-
rium equations are

0 , 9% _

+ 2\3.z

Jw
Ax Jy 2511 +('Su Sz2) dy = 0( X
2
o )
Er o <s.,—szz>r+zs'q“y4— 0

We note that the additional terms responsible
for elastic instabllity depend only on the max-
imum initial shear and disappear if the latter
1s zero.

The classical terms are of the order of the
product G€ of the shear modulus by the strain
€ while the additional terms are of the order
of the product wT of the rotation by the shear
T =437 + (8, - S;.) . In the case of
buckling the additional terms are of the same
order as the classical terms and the rotation
will be large with respect to the strain in the
ratio

@ =6 2
= = = (25)

We have applied equations (24) to the case
of a plate of thickness t under a uniform com-
pression o buckling in cylindrical waves. The
problem is one of two-dimensional strain in the
X, ¥ plane of the cross section as illustrated
by Fig.5.

Using HOOKE's law (4) the buckling equa-
tions are

ow

lev+(e+/\)a ~rS% -
e = e,‘,.(-t-eyy

These equations are satisfied by the solution
= — 8in ax [Asinh ay + Ck(1-3) sinh aky]
v= cos ax[A coshay + C(l -kj8) cosh aky]

o
with k* =2 "2 8= G"'Z
G+3 AF26

This solutlion represents a sinusoidal deforma-
tion of the plate and corresponds to the phe-
nomenon of buckling under the compression o .
The constants A and C must be determined by the

*
-0

FG

Cross section of a plate of thickness t
buckling under a compression o with a
wava-length ?rr.

Fig.5

boundary condition that the stress is zero at
the surface y = + t/2 of the plate. We can on-
1y satisfy this boundary condition if

|+ (Z)(1-22) _ tann L
| — (%-5)2 t‘anh-—g—g-

= POISSON ratio)

This equation gives the critical compres-

slve load ¢ necessary to produce a deformation

of wave length 277/a in a plate of thickness t.
Expanding both sides of the equation with

respect to 0/2G and at, and keeping the higher

order terms we find

(»

a*t* G
6 |-p
which is the EULER load.

Elastic Waves in a material under hydro-
static pressure due to gravity. For a state of
hydrostatic pressure, S8,, = S,,,8z = 0, the
curvature terms disappear from the equilibrium
equations. The buoyancy terms, however, may
play a role if the pressure is not uniform. We
consider the case where the pressure is due to
gravity.

O =

ISy S
By oy " PI=PY

It 1s easy to write the equilibrium equations
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in this case and add the terms representing the

inertia force. Assuming an isotropilc HOOKE's

law we find

GViu +(G+A) 2y
~ £ 99x ax ~ Pat

SV +(6+3) 3; * P95 ot

Introducing the dilatation e and the rotation
w these equatlions become

d’e
Ptz
2 oe 2w
CVw + 2pP95x = PotT
They show that the effect of gravity intro-
duces a coupling between the transversal and

longitudinal waves, The physical reason for
this coupling is illustrated in Fig.6 . The

/b

I

(26 +A) Ve - 2 pg 9%

P9

P |
%/

T AY

+€, /-€

.74

|
o
AX P-]fj 1

Illustration of the second order effect
cf buoyancy producing coupling between
transversal and longitudinal elastic
WAV S,

coupling terms are generally negligible, except
in the case of large wave lengths. The effect
will be important for instance in the case of
tidal waves of a 1000 Km length in the earth's
crust.

EQUATIONS FOR THREE-DIMENSIONS. In three
dimensions there are at every point three di-
rections at right angles whilch undergo a solid
rotation. This 1s what we call the rotation of
the material., If the coordinates x y 2z become
X+u, y+v, 2+ w, after deformation the com-
ponents of the rotation to a first order ap-
proximation may be represented by

o
wn =3 (3% -3
9 2
w (3% - 39

d 2
@ =755 ~ 5y)

|
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The equilibrium conditions are found as in
the two-dimensional theory. Including all the
first and second order terms we find for in-
stance in case of no body force one of the
three equatlions to be

20 , 90; , 90
9x oy oz
Wz 9 Wi

+ (O:I _OEL) ngy_z — 20 X + O DZ
9 W W, dw
%oz “2%gx %y

+ aiz(zr—x acuz)

- (o -

+ 3 X" (eyy + er.z) +'§g&(exx + ezz.) “' (exx"'eyy)
3, . 30 s o _ aa:. j;
(E)xl B_)e"Y ( ys _;)97‘ oz ' ) =0

If we look for the physical interpretation
of the terms in this equation we recognize most
of them to have the same meaning as in the two-
dimensional case. However the term

u( awz)

introduces something peculiar to the three-di-
mensional case; the Influence of the twist of
an element.

The strain components e, €,,----- etc. are
found by using the expression ds?® for the
square of the length element after deformation.
Writing the classical expression for the finite
strain tensor and neglecting as in the two-di-
mensional case all second order terms except
the products and squares of the rotation compo-
nents, we find

!
2= Cxy 2 Wy Wy

i
z Wy

e, = €x + %(wfﬁ— ?) e,
ezzzeyy"'%(wxz"'w) €B=6yz—

€33 = €22 +"'a'(wy rwg) Gz = ezx—é'wxwz

where
=é%% etc.
_Li! u
a(ax y) etc.
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