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Non-linear Theory of Elasticity and the Linearized Case
Jor a Body under Initial Stress.

By Prof. M. A. Bror.

Introduction.

IT is well known that the classical Theory of Elasticity is restricted to
small deformations and rotations and that this is the underlying reason
for its linear character. Attempts havebeenmade ) to establish a theory
for finite deformations starting from the general mathematical viewpoint
of tensor theory.

It was thought that a non-linear theory including terms of the first
and second order only would yield the essential features due to large
deformations which are not explained by a lingar theory. Such featiires
are-exhibited, for instance, ini the flexure of a thin shell.

Our method does not require an explicit formulation of the stress-
strain relation, which is a physical problem. The essential idea which
led us to our equations was to refer the stress condition to a local system
of axis rotating with the material at that point, and to investigate equi-
librium conditions for these stress c¢omponents. These equations will
contain explicitly only those second-order terms which are of kinematic
origin. This development is made in section 2, while section 1 deals
with a more accurate definition of stress and strain. This first section
introduces a new definition of the strain components, which are here
linearly related to the actual change of distance between two neighbouring
points in the material.

These strain components are very important in establishing a correct
expression for the potential energy and deriving the equilibrium equations
by the variational method. This derivation is made in section 3, and the
same equations are found as in the previous method. However, con-
sideration of the strain energy leads to a new interesting viewpoint, as it
introduces naturally two forms of representation of the stress—one in
which the stresses are referred to the actual areas after deformation,
and these are the stresses adopted in the previous section 2, the other
in which the stresses are referred to the areas before deformation.
Relations are found between these two types of stress components, and
equations of equilibrium derived for both.
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In section 4 we carry our attention to a linear theory of elasticity
for bodies under high initial stress. This covers a wide range of problems,
from elastic stability and buckling to the propagation of elastic waves
inside the earth and the meaning of the elastic coefficients for a body
under high initial stress. The special problem of elastic stability has
been the object of many previousresearches. R.V.Southwell 3’ considers
a uniform initial stress, and chooses axes along the principal directions ;
E. Trefftz ) uses the variational method, but he chooses an expression
for the potential energy which is correct only if the rotation is large with
respect to the strain ; C. B. Biezeno and H. Hencky ) have developed
a general theory.

The reader will be aware that methods similar to those in the previous
sections may be used to establish the linear theory of elasticity of a body
under high initial stress. In fact the equations can be derived from the
previous theory by linearizing with respect to small increments of stress
and the small components of strain and rotation. Those of our equations
using the stress components referred to the initial areas are found to
coincide with those derived by C. B. Biezeno and H. Hencky ¥’ by an
entirely different method.

The last section (5) deals with the special case when we wish to introduce
from the start the assumption that the rotation is large with respect
to the strain. Special precautions have to be taken in introducing this
assumption, because the strain and the rotation are not independent
and satisfy the identities (2.6) Equations are derived which are a
generalization of the result obtained by the author ) in a previous paper.

1. Strain and Stress.

The original coordinates z, y, z of a point attached to the material
become

f=atu,
=Y+,
{=z4+w

after the deformation. The infinitesimal region surrounding this point
undergoes a homogeneous deformation defined by the linear trans-
formation of dx dy, dz into d¢, dn, di,

de= (14 %) dat 2 dy+ ,*.\
|

dn=21’dx+(1+ )d+ Y gz, (L1)

r‘
dl= dx+ d+(1+a"’)dzJ
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or dg:(l"l'e:m:) dx‘{_(ezy—wz) dy+(eu+wy) dZ,
dy=(e,+w,) de+(1+4-¢,) dy+(e,—w,) dz, e (12)
d{:(em—w”) dx-1-(e,,+w,) dy--(1+-e,,) dz,
. ou _liow ov _lsow ov
with Cog= B’ €y = Qka—y -+ 72), W= é("a?/ — —a-é),
ov 1/0u ow _1(0u ow
W=y = 0\% T w=glon =gk - (9
ow lyov  ou 1/{0v oOu
=5z e‘””=‘2‘(‘ax+/ay)’ w’=§(%_ 73})

The length element after the deformation is
ds*=(1-2g,,) dx®(14-2g,,) dy®*+(1+29,,) dz?
+4g,, dy dz--4g,, dz dx+-4g,, dz dy, <. (19

with I2s= ma:+%egx-l_%(ezy"}'wz)z'*'%(ezz“wy)zs

9= yy+%egy+%(eyz+wz)2+%(ezy_wz)z’

Jz= zz+%e§z+%(en'!'wy)z’*"%(eyz—wz)zs

Jyz= yz+%(ezy_wz)(e1z+wy)+%ew(eyz“wz)+%eu(ew+wx)’

o= zx+%em(ezz+wy)+%(eyz_wz)(emy_!'wz)+%ezz(ezz_wy),

gw=ew+%em(em——wg)—i—%ew(ew—{-wz)—l—%(e”—wy)(ew—}—wx).
The transformation (1.2) contains the nine independent coefficients (1.3),
while the change of length ds? depends only on the six coefficients g.
There are therefore three degrees of freedom, leaving unchanged the
length element ds? and corresponding to the rigid body rotation con-
tained in the general linear transformation (1.2).

One of the first questions arising in the theory of elasticity is to dis-
tinguish what part in the general transformation (1.2) is to be considered
as a pure strain and what part as a pure rotation. It is well known that
when the quantities (1.3) are all small of the first order, and when we
neglect quantities of higher order the pure deformation is represented
by the coefficients e and the rotation by the vector w, w, w,. However,
this is only a first approximation. In the following we are concerned
with finding the finite pure deformation contained in the transformation
(1.2) and developing an expression for the strain components containing
both first and second order terms. We consider therefore the following
linear transformation : '

dé =(1+e) dxte;p dy+eq dz,
déy=eyy dot(14-€y,) dy-t+ep3dz, . . . . . (L.6)
dés=ez; dategy dy+(1+-eg5) dz,

(1.5)
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with symmetric coefficients. Such a transformation leaves unchanged
the orientation of three rectangular directions which are the principal
directions of strain (); in other words, the transformation (1.6) is equi-
valent to elongations along three fixed rectangular directions. It is
therefore quite natural to call such a transformation a ¢ pure deformation.”
‘We may choose as finite strain components of the deformation the sym-
metric coefficients

€11s €125 €315
€19 €99, €93 . . . . . (1-7)
€31> €235 €33

The length of an element after the transformation (1.6) is
do®=(142yy) da®+(1+42y40) dy*+(1+2y3;) d2?
Fdygs dydet4dys, dedr+-dy, dedy, . . . (1.8)

with Y1 =€11+%(€?1 ‘{‘5%2“1*5‘321):
722=522+%(532+5?2+€§3),
Yaz=eat+3(ehs e+ )
V23 =€23T (€12€3; T €20€ 03 €53¢03),
Va1 =¢311 F(€11€31 T €23€1 2 €35€31)s
'}’12=€12+%(611512+€22512+€31€23)-
Now the pure deformation (1.6) can be made to represent exactly the
same state of strain as that produced by the transformation (1.2), provided

the length elements ds* and do?® after deformation are identical. This
condition is expressed analytically by the six equations

(1.9)

Joe=V11> 2= 23
Jyy =V 22> o =V31> )¢ =+ + o« + (1.10)
G22="33> oy =712

These equations determine the six strain components (1-7) as functions
of the nine quantities (1.3).

The transformations (1.2) and (1.6) thus related represent the same .
state of strain, and can only differ by a rigid body rotation. The rigid
body rotation that we must add to the transformation (1.6) in order to
obtain the transformation (1.2) will be called the * local rotation *’ of the
material.

The strain components (1.7) have the advantage that they are linearly
related to the actual changes of length in the material, while the classical
components (1.5) are linearly related to the change of the square of the

212
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length. On the other hand, they have the disadvantage that they cannot
be expressed rationally by means of the nine quantities (1.3). However,
this disadvantage vanishes in one important case—thatis, when we assume
the nine quantities (1.3) to be small of the first order and when we consider
only the first- and second-order terms in the expression of the strain tensor
(1.7) as a funetion of the nine quantities (1.3). In this case the result
is obtained immediately as follows.

We notice from equations (1.10) that e, and e,, differ only by a second-
order quantity, the same for e,, and e,,, etc., so that we may write with
an error of the third order:

eﬁz+6§y+9§z = &}, el ely,

3 ten, ey, = o telpt€3a,

e +el e, = ehgtehFek, .. (L1

CoyCont CyyPyeTCarfys = €12€31 T €20€ 231 €€ 03,

ConlorT Cylay T Color = €11€317F €23€10T€33€315

CoaCuy T Cyay T Caalye = €11€12T €20€12 T €51€03. )
Introducing the approx1mate identities (1.11) into equations (1.10) we

find the following expressions for the strain tensor with an error of the
third order :

€11=ex:b+exywz € y+ 2(w2+wy)’ \
€39 =6WI+ 6élzwz—e w,+ 7(w2+w2),

€33 =ezz+ezzwy €y x+ 3 (w2+w2)’

€93 =eyz+ %wx(ezz - eyy) +3 BWYLsy T 8WC0 5 wyw

(1.12)

531:eu—}—%wy(em— zz)‘f‘%wzeyz_“fw €. _%wzwcc’

612:exy+%wz(eyy xx)—}_ 2WeCap l""’:yeyz %wzwy' ]

At this point it is important to stress the physical significance of these
components of strain e. If we look at the homogeneous transformation
(1.2) of a small region in the vicinity of a point P attached to the material
we now see that it can be obtained as follows :(—

(1) We rotate this region as a rigid body. This rotation is defined in
first approximation by the vector w, w, w,.

(2) A system of rectangular coordinates with point P as origin and
parallel with the x y z directions is rigidly rotated by the same amount
as the material, and becomes thereby a system which we call (1, 2, 3).
With respect to this system 1, 2, 3 we perform the pure deformation
(1.6) with the coefficients (1.12).

Therefore, we may also-look at the strain components as representing
the pure deformation referred to a rectangular frame (1, 2, 3) originally
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parallel with the z y z directions and undergoing the same rotation as
the material. The strain field is thus referred to a field of rectangular
axes whose orientation varies from point to point according to the local
rotation of the material. It is important to bear this in mind when we
are dealing with the stress, since to correlate stress and strain we must
refer them to the same set of axes.

The stress components at a point &, 7, { after deformation referred
to the z, y, z directions are denoted by

Uzz ’ ny s sz 2
Gy Oy Tyes (1.13)
Cops Tyzo O

The stress components relative to the rotated axis (1, 2, 3) are denoted
by

O115 012 031>
T2 Gga, TGags )e s o & o . (1.14)
O315 G23) O33-

In view of further application it is interesting to know the relation
between the components (1.13) and (1.14) of the stress.

We have introduced the assumption that the quantities (1.3) are of the
first order ; we now add the assumption that the stress components (1.13)
or (1.14) are also of the first order. Since we are interested in a theory
of the second order we will drop all terms of higher order than the
second in the relation between the stress components (1.13) and (1.14).

In order to do this we may neglect second-order quantities in the
expressions for the direction cosines of the axis x, y, z with respect to
1, 2, 8. The transformation formula for the coordinate x, y, z when we
rotate the axis into 1, 2, 3 with coordinates x,, x,, z; are

x=1x,c0s (x, 1)+x, cos (x, 2)+x; cos (z, 3),
y=a; 0o (g; 1)+, cos (3, 2)+; cos (3, 3),
2=, co8 (2; 1)+, cos (2, 2)}2; cos (2, 3).

Now if the rotation of z, ¥, 2z into 1, 2, 3 is represented by the vector
w, w, w, we have in first approximation

=% —w Xyt W,xs,
Y=w i+ 2y—w, s,
2=—w, &+ w, L+
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Therefore the direction cosines are in first approximation

cos (z, 1)=1, cos (2, 2) =—w,, cos (Z; 3)=w,,
cos (¥, 1) =w,, cos (y; 2)=1, cos (y; 3)=—w,,). (1.1B)
cos (2; 1)=—w,, €08 (2; 2)=w,, cos (z; 3)=1.

We may use these values of the direction cosines in the transformation
formulas of the stress components

0, =0y €082 (2, 1)+, cos? (2 2)-F0g5 COS? (2 3)
42093 €08 (24 2) COS (2, 3)-+ 204, cos (2, 3) cos (; 1)+ 20y, cos (#,1) cos (z;)
..ete. ...

Neglecting terms of a higher order than the second, we have

Oy =011+ 2050, — 20720,
0y =029 20, 50,— 20 530,,
0, =033 20 930,— 2050,

v ... (L16)

ayz=‘723+ (622_033)wx—012wy+013wz’

Oy =03; 1 (033“011)wy-023wz+°'mwx’

Opy=0197F (01— 032)w,— 01w, +03,0,.

2. Equilibrium Equations.

A point P of the material originally of coordinates z, y, z acquires the
coordinates ¢, %, { after deformation. An original closed volume V
bounded by the surface S becomes after deformation a volume V' bounded
by the surface 8’. The x component F, of the total force acting on the

" boundary S’ after deformation may be expressed by means of a double
integral extended to the same material boundary S before deformation.

This is done by using the transformation formula of surface integrals.
We have

Fy= [ o dndt-+o,, dLdt-+a\+ o dédn

(0 o T D g g D g, 40D
o Ly v e g oy et e d |
i, ¢

+” Uxu[ E;’ f; ydz+

d(z,
[l i B e

;dz dx+ Eg f;dx dy]
1) g a(, m)
- de dw+ o dz, dy] . @l
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In this expression Zzn’ {; , etc. are the partial Jacobians of the trans-
Y, 2
formation of z, y, 2 into &, 7, {. We have, for instance,
o o
dn, ) | 9% ’ oz’
d(y, z) A 14
oy’ oz’

These Jacobians are the cofactors of the determinant of the differential
transformation (1.2).

Since we are interested in a second-order theory, and since these
Jacobians appcar multiplied by the stress in expression (2.1), we need
only keep the linear terms in their values. We find

208 1ty e = (et o = (a0,

gg” f; —(ezy— ) dég’ &) ~ltente =—(eptwk [ (2.2)

€ n) _ a&n __ ., _ §

d.2) (erptey Zi(T,oZ) =—(ey,—w, =1-te,te,.
Introducing these values in (2.1), it becomes

= | s,
with
fo= 00t 0mB+ oy
[000(€yyT2) — Oy (Cry— ;) — Opple ) Jo
F [0yt @) 04 (€nn€,) — 0l — w,) 1B
(€ —wy) — 0yt wg) F 00000 1y

This expression f, is the  component of the force per unit original area,
acting at the boundary after deformation, and «, B, y are the direction
cosines of the outside normal to the original boundary S before deformation.

Introducing the component of stress (1.14) with respect to the locally
rotated axes 1, 2, 3 through equations (1.16), and dropping terms of order
higher than the second,

fo=010+01,8+05y
1"(_012‘”5_,_0'31('01;)“
‘f’(—022wz+032wy)ﬁ
+ (_‘023‘“;‘*‘0'33‘”1,)7
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+ [011(eyy+€zz)"'Glzezy—calexz %

+ [_allexy+012(exx+ezz)_0'3leyz]13

f[—0nl,—0128,ton(Cmte)ly. - - . . (2.3)
We have two other similar expressions for f, and f,.

Consider now the body force. We assume that the force per unit
mass at a point z, y, 2 is determined by the components X(xy2) Y (zyz),
Z{xz y z). If pis the specific mass before deformation an element of mass
pdx dy dz keeps the same mass after deformation, but moves to the

point £, 5, {. Therefore the x component of the total body force after
deformation is

”LM&% Dpdedydze. . . . . . . (24)

The condition of equilibrium of the volume V after deformation in the =
direction is

”;f; S+ -[-”v X(¢&, m, O)p dx dy dr=0.

By Green’s theorem we change the surface integral into a volume integral
extended to V ; we then have

”.L [A,+pX(¢, , {)ldz dy dz=0.

This must be true whatever the volume V, and the equilibrium equations
are therefore

A +-pX (€, §)= %61—1 + %2_ + %’;’4 +pX(¢, 1, {)

0 0 0 0
+ B (031009) — o (01500,)+ 5@/ (0500,) — @ (025w,)
2 (oa) — 2 (250) - [onepe)]
+ 2 Douleateal] 4 2 arenn )]

0 0
— = [01980y 051000 ]— = [01160y T 0316,.]
ox oy :

7}
———a—z[allezx—}-amew]z-o. O ¢ 1))

There are two other similar equations expressing the equilibrium
in the y and z directions. The boundary conditions are determined by
expressions (2.3) for the forces f, f, f, acting per unit original area of the
boundary. :
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It is possible to give equations (2.5) another remarkable form by
taking into account the fact deducible from the equations (2.5) them-

selves that

doyy a‘712 O13
ox oy T 8 +Xp,
ao'lz 80'22 8023
E i T
a031 3023 T33
o + 052+

are quantities of the second order and that we have the identities

0y
‘;z ? [extwyl,
0 d
_gfl = ou [eyz'_‘wx]:
oey,, O
“’a—x‘ = ’g:"/ [exy+wz]>
. @ e e e . (2.8)
EE At
e, 6

ay [ z+wx]:
de

637 ~ oz [e”‘” e

The equilibrium equations (2.5) then take the form

6011+3012+ a31+PX+P(wY w”Z)

o
ow, 0 Ow,
+(011_022) y O12 awz‘l" 12— 37 8z
—(on— 033)~ 20y, aaw —0oy

oy &j 0wy awz

P _
+ 2 (et + a"“( Cucrt ) 07 ertay)

Rkl <a"“+a;’;2) w—(a;;w-a-"ﬂ) 0
(2.7)

.. ete. . .
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We may also expand the functions X, Y, Z with respect to «, v, w and
write

X(x+u, y+v, z4-w)= X(wyz)-l——-u—!— N +%§w,

.ete. Lo L 00 0L L s L (2.8)

Considering X Y Z and u v w as quantities of the first order, the above
expansion includes the first- and second-order terms.

The terms written on the first line of equation (2.7) are the classical
terms of the linear theory and additional terms due to the rotation of the
material with respect to the body force. The terms on the second and
the third line have their origin in relative change of direction and area
of opposite faces of an element of material due to its curvature ; we call
them the curvature terms. On the fourth line is what we call the forsion
term, because it arises from the torsion of an element. On the last two
lines are terms depending on the stress gradient and the strain ; they will
be called the buoyancy terms, because they arise from some kind of buoyancy
due to the deformation of an element in its own stress field. The curva-
ture and torsion terms vanish in case of a hydrostatic stress condition,
while the buoyancy terms vanish when the stress field is homogeneous.

3. The Strain-energy.

The concept of strain-energy and the application of the principle of
virtual work throws a new light on the present theory. The first step
is to establish a correct expression for the strain-energy. We need only
consider a state of homogeneous pure strain defined by the transformation

E=(1+e)r+tey+eg2,
N =€+ (14€9,)y+ €552, ... (3.1)
{=eg1®+ €552+ (1 +€53)2.

The homogeneous stress field associated with this deformation is denoted
by the constant components

O115 T2y O31y
Cios Oggs Ta3s e e e e e (3.2)
C31s Gass O33-

Consider now a cube of unit volume before deformation, its edges being
along #, y, 2. After deformation it becomes a parallelopiped. On the
side originally perpendicular to the z axis acts now a force of component

’ »
Tits Tigs T13s
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and on the two other sides will act forces of components
Tals To2» T28s
T3l T32: T33:
These forces may be found from the value (2.3) of f,, f,, f, derived above
and giving the actual forces at the boundary of a volume. We must
introduce ¢,y for e,,, ¢, for ¢, etc., and put w,=w,=w,=0. We find
T =07 (1 +€)—011€1;—T19€12— 31531,
T19=019( +€}— 071612012620~ 0123

etc.,
[= 4

or T’uv :Guv(1+€)_ Zcﬁaevw e e e (33)
with €=¢€y;+ €99t €33

This T, is & non-symmetric tensor.

When small increments of strain 8e,, are given to the deformed cube,
work is performed by the forces acting on the faces of the parallelipiped.
This work, expressing the increment of the strain-energy W of a unit
original volume, is equal to

uv
W= Zr8ep - « « « - . . (3.4)

A more convenient form of §W may be found by writing

uv W
SW=1Z T‘WSew—l— Z’T;MSEW].

Since 8¢, =3¢,,, we have

v

W ,
SW=2}% [T'uv—!- Tw](%vu,

or oW = R ¢ 5}
with T ™ %[T'w +7, u] R Z
. (3.6)
Tuv:(l"}‘e)o'uv“—?lf Z"(Uaueav—{—aaveau)' )

The tensor 7, is the symmetric part of 7, Explicitly, we have
Ti=(l-+e€)oy—0oy € —010€15— 051651,
Too=(1-+€)02p—013€15— 0226200536,
T33= (1 €)o33— 031631 — 03¢ 53— O33€53,
Tos=(1-+€)o 33—} (€ant€33)0 03— F(0 02+ 033)€ 25— F(015€31 T Og1€12)s
To1=(1-+e€)og —Yegzte11)o51— 303303 )es1— (0106230 a5€12),
(

Jop—3
T12=(14€)op— (€11 €20)012— 3011+ 0g0)e1a— 3051605+ 0 05651).  (3.6)
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The symmetric tensor 7, is obviously another representation of the
stress. It can easily be seen from the expression of 6W that 7, is the
symmetric part of the tensor whose components are the actual forces
acting after deformation on the faces of a parallelopiped which originally
was a cube of unit dimension parallel with the coordinate axes. For
instance, in the particular case when the coordinate axes are principal
directions for both the stress and the strain we have

7'11=(1+€22+€33)011,
7222(1‘*‘633‘*‘611)‘722’
Tyg==(1+€31F€32)033.

In these expressions t,,, for instance, is the stress multiplied by the area
(14-€59+€33) after deformation of the corresponding force of an original
unit cube. The tensor 7, might be also called the stress per unit initial
area before deformation of the material, while the tensor o, would be the
stress per unit actual area after deformation.

The existence of a potential energy imposes that 6W be an exact
differential with respect to the strain component. It therefore imposes
also certain additional conditions on the stress-strain relations. By these
relations o, or 7, are expressed as functions of the strain component e,
Then the stress-strain relations must satisfy the fifteen conditions,

a'Tuv _ aTik
ey, Oepy (3.7)
or
aauv a(eauv) . 1 0 ¢
aeik aéik § aTtk Z(unew—i—gavew)
— Jey Ocou) - i E'('Jc:xiet:tk‘l‘O'c:xkfui)- . . (3.8)

" Oeyy Oy 2 ey

It is possible to derive the equations of equilibrium (2.7) found above
by expressing that the sum of the virtual external and internal work
vanishes for all possible variations du, év, dw of the coordinates.

The variation of the total strain energy in an original volume V is

swz—swizmw Srodendedyds, . . . . (3.9)
v

in which we use expressions (1.12) for the strain components ¢, if
Je Iy I: denotes the components of the force per unit original area acting
at the boundary. The virtual work of the external forces is

oW = [| (wdutsyso-rsz was+ ([ 1xe u, vou
+Y (¢, n, D)dv+Z(¢, m, )dwlp dedydz. . (3.10)
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In the volume integral (3.9) the variations e, introduce such quan-
tities as

ou 0

36‘,”:8—3-:—1;:—653%,
lgrov_ow)_10d 10
Swz—és[a;‘@]—éa‘x“a” 33y o

It is therefore possible to bring out the factors du, §v, dw by partial
integration. We find an expression of the form

W, =— ”S (p, Su+-p, Sv+p,)dS+- ” (A, du+A, v+ A, Swydx dy dz.

(3.11)
For equilibrium the total virtual work must vanish, hence

SWork3W, = || LA+ Xpou- (A, +Yp)p0-+ (4, + Zp)ou] divdy de

This must be identically zero for arbitrary values of du, év, w, therefore
we have the conditions

Ax-{-Xp—— a—m -+ ale -+ 37'13 +pX(¢, 7, O+ a—ax (731 wy)_" "a% (Tr2@,)
2
+ ay (7'23‘0 )— (TzzwzH“ az (7'33“’1,)“‘ aa’z‘ (7930;)

8 [(722 731) xy]+ 9 [("'33 711)€:2]
- % 53} [le(eyy—emx)]— 5 *a—z [731(€rr—0s)]

+; _86?7 [723622:—731€'yz]+ ; gg [7236::::1/—'712eyz]=0’ LA S (313)
and two other equations as above :
A, +Yp=0,
A,+Zp=0.
These are equilibrium equations expressed by means of the stress =,
referred to the original areas before deformation.
We also derive the boundary conditions
fx:px=711“+7126+7317+(731w —T1oW, )“+(T23wy—722wz)ﬁ
(73500 = 7230,y 13720 T11)em — 3 71a(€), —€rr)
(723805 T316,.) B+ [E(Tas— T11)€0s— $751(€—€2)
+%(Tz3€xy~—7'126yz)]’y, S ¢ N Y
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and two other similar equations,
Jy=0y
fe=p,
We may now introduce the stresses o, per unit area after deformation

by substituting in the above equation the values (3.6) for r,, and dropping
all terms of higher order than the second. Equations (3.13) then become

30'11 + 3012+ 30'31 +pX(¢, 7, )+ aax (oglw,,)—_'—a%(amwz)

a ( O390y)— (0'22 z)+%(o33wy)'"%(a23wz)
+ b s lonlon el [raleatea)lH 55 [onleuta)]

J
~ T (01280t 03185]— Er [0 1182y T 031z]

0

- 'a—z [Gllezx + (41 Zeyz)] =0,

etc., . . . . . .« . . . v . o . .. (315
and the boundary conditions (3.14) become
Jo=01304 01584057+ (05100, — 0130, ) 4 (0 3500, — 0 55,)
(03300 — 230, )y 011 (€y €)%+ 01 9(€rp €08+ 051 (€05 €,)y
— (01280 031€22)0— (01102 0510, )B— (0118, 010¢,. )
etc. . . . . . . . . . . L L ..o L L. (316)

These equilibrium equations and boundary conditions are identical with
those (2.7) and (2.3) found above by a different method.

4. Material under Initial Stress.

The previous methods may be readily applied to establish a linear
theory of elasticity for small deformations in a material under initial
stress. The initial state with coordinates x y z is here associated with
initial stresses

S

xy?

S S

xz?

S S

xy? vy’ Syz’

S, S,. S,

2x°

(4.1)
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These initial stresses, beingin equilibrium, satisfy the following equations :

oS

Tx MI m

“ox +3y+3 +pX=0,

38, , o8 .

T;“y G+ :—{-Y o, i, (4.2)
+asi,zﬁLaas‘,,zﬂLz o,

If now the mabenal undergoes small deformations, so that the initial
coordinates z y z become £ =x-u, n=y--v, {=z+4w, the stresses undergo
slight changes. Referring the stress to axes 1, 2, 3 rotating locally with
the material through an amount defined by w,, w,, w, the stresses become

Syt 811 Spy+8125 S+ 8315
O'uv= S@y—i’_‘glz’ SW+822, Syz+823, . . . (4:.3)
S, 48315 S, 4823 S,.+ 853

Now we are interested here in a linear theory with respect to u, v, w, the
strain, the rotation, and the stress increments, which quantities are all
assumed to be small of the first order.

We adopt, therefore, for the components of the strain e the first-order
approximation

g7 24 2Y° 22
€=1 €y €y L € X3
€. 2 €,

Because the local reference axes 1, 2, 3 rotate with the material the stress
increments

S115 S125 S319
8§=4 819, * Sa9 893y e v o e . e .. (4:.5)
8315 Sg3» 8335

depend only on the strain e. These stress-strain relations may be taken
linear in first-order approximation. However, some remark will have
to be made later regarding the coefficients, as the properties of the latter
are not the same as in the case of no initial stress.

The additional stress may be due to a change in boundary forces
4f,, 4f,, 4f, or in the volume forces A4X, AY, AZ, or both. These
increments are also considered as first-order quantities. We may pro-
ceed exactly along the same lines as in the previous non-linear theory,
in which the stress components (1-14) will be replaced by expression (4.3),
and then drop in the formulas all the terms which are not linear with
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respect to the first-order quantities. For instance, the stress component
referred to initial directions x 7 z is given by expressions (1.16), in which
we substitute the stress components (4.3) and drop all second-order terms.
We find
ze:Szx+811+QSzx Wy 2Swywz’
Oy =S, 48951 28,,0,— 25,0,
o™ Szz+833+ zsyzwx— QSzxwy’
ayzzsyz—l—s%—l—(Syy—Szz)wx—SWwy—l—szwz,
00 =S85+ (8,— S ), —S 20,550
ny:Sxy+812+(Sm ) S w, +Szy Y
Similarly the same substitution of the components (4-3) instead of o

(1-14) in equations (2.7), and taking into account the initial equilibrium
conditions (4.2), yields the following equilibrium conditions

(4.6)

By Gro g B (S S ot ) oY —u )

8wz aw¢ aw.z

dw,
+(Szz—Syy) ’5?7' .’ty a +Szy ) w/

( zx T ZZ

_ Ow, o Ow; Ow,  Ow, aS,,,
2Sz: a Zl ay +S~1/ ay ) + y+ezz)

as, S, as =
+ _a Y (e.tz+ezz)+ (ezz+eyy) < W a—y') exy

{98, a%,y aSa:z =
7 y + _1/:— ( ) 621—0,
etec. . . . T C
The boundary conditions for the increment of boundary force 4f are

Af,=s30+812B 8517+ [Szzwy—szywz)“+ [Syzwy“swwz)ﬁ
—I_S W, —Syfwz)’y_l_sxz[ y+ezz]“+sly(ezx+ezz B+S em—f"@w)‘)’
(Swewy+szx z:t;)oc (Sxxexy+szx yz)B (Sxxezx+sxy yz) . (48)

We recognize here in equation (4.7) terms of the same physical nature
as in equation (2.7) of the non-linear theory. The curvature has no
effect when the initial stress is hydrostatic. When the initial stress
field is homogeneous the buoyancy terms disappear,and we are left with
those of the first line and the curvature terms. It can be seen that the
curvature terms are those playing the fundamental rdle in buckling

phenomena.
We may also refer the stresses to the original areas, 7. e., use the stress
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tensor 7, instead of o,,, The stress components before the deformation
are the same as above (4.1). After deformation the stress , is
( Sm:_‘i—tll: Sxy+t12’ Szx+t31’ )
T“V= SW‘{—tlz, Sw+t22, Syz+t23, . . . . (4:.9)
Szm+t31= Syz+t23’ ‘ Szz+t33'

However, the stress increments #,, are not the same as the increments
8,y used before. In fact from relation (3.6) above we derive

4
T =8y TS e— § Z(Sequery+Benau)s
e=e,,+¢,+e,.
Explicitly
by =8y + eszm -“ Swzez:c — Sm;ezy _ Szxezx’
taa=822+6S,,—8,e,,—8,0,—8,.0.,
lag =333-{—eS,z——Sueu——Syzey,«—S,zezz, . (4.10)
t23 =893 + eSyz - %(eyy + ezz)Syz_ ']2” (Syy + Szz)eyz— %(Syzezm—l_ Szzea;y)’
t31 =831 + esza; - %(ezz + ez:é)sz:n - % (Szz+ Szx)ezz_ %(Sxyeyz-i' Syzezy),
1279852 + eSxy - %(em"i' ew)smy_ %(sz_‘_ Syy)e:w - %(Szmeyz'*" Syzezm) .
The equilibrium equations with these components are

Oty | Otyp , Obys X X ﬁ_
W‘F?y-“f‘”gg —a_:,]v_l_ 0z w)-{—ax(snw,,)

+pdatp( Prut
0 J 0 0 0
- b (Sxywz)+ '52‘/ (Syzwy)_‘ ay (Syywz)+ Fr (Szzwu)— 7 (Syzwz)

19 190
+ 57y B Selenl g 7 [(BumSucle]

19

190
5y Sln— el 5 5, Salen—ea)]

129 10
+ 5 %y [Sy280— S8y, ]+ 3 gg[syzew——s«wew]=0. ... (41D

We also have the boundary condition for the increment f of the boundary
force
Af =ty B-+lgy+ (S0, — Sy )oatS 0, —S, w,)B
+ (S, =Sy, ly +HH(S,, —8p)e — Hey —e,)S,,
(S0 —8202) B+ (38— 820)e0s — $(€s—€2)S
+ 388 —Sye.)ly,

ete. . (4.12)
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These equations are readily verified to be equivalent to those found by
C. B. Biezeno and H. Hencky®, but derived by an entirely different
method.

The same result may be derived from the strain-energy viewpoint.
The strain-energy corresponding to a linear theory must contain both
the linear and the quadratic terms; therefore we must use here the
second-order approximation (1.12) for the strain ¢, We substitute the
component (4.9) for 7, in the potential energy variation (3.5). We find

14 i
SW =t 8¢+ SSpdew - . . . . . (413)
The notation 8,;, S;, ... .etc. is used for S, S,, . . . . ete.
We have assumed that the stress increments are linear functions of
the strains

Er

bw=2Cker . . . . . . . . (414)

The sum is extended to all six combinations of k and r. The agsumption

that there exists a strain-energy implies that 6W is an exact differential
in 8¢, hence that

Oty __ Oty

?5; - Oeyy

This implies fifteen relations between the coefficients of the stress-

strain relation expressed by the fact that the matrix of the coefficients

of the stress-strain relation is symmetric. However, it is important

to notice that this only holds when we use the #,, stress components,
i. e., the stresses per unit original area before deformation.

If we use the actual stresses s, referred to the area after deformation
we may write the linear stress-strain relations in the form

Coh=Cl. . . . . . (415

kr :
Sw=2ZBl e, . . . . . . . . (4.16)
The stress s is related to the stress ¢ by relations (4.10), in which we may
indifferently write ¢ instead of e. Using these relations the conditions
(4.15) above become

190
B+ =3 o2 F Sttt
|.xv
O 1 9 ¢
+Skr a 2 a Z(Sukear+sqr€ak) . (417)
uV

We can see that in general the coefﬁments B do not constitute a sym-
metric matrix. For instance, in two dimensions the stress-strain relations
(4.14) for the stress f,, referred to the original area is

(11 929 12

tn —011511+C11€ 22+C11€12’
_ 29 19

2 —022511+022€22+022€12s
. 92 12

tya -—012511‘*‘012522‘}‘022522:
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with 022 = Cll )
C').1’

The stress s,, referred to the actual areas after deformation is related
to t,, by relation (4.10). They are in two dimensions
t117=811+S11€20— S 2615,
ta2 =825 Sas€1;—S12€12
t1a =812+ 3(€11+€22)815— ( 11+Sse)ere
The stress-strain relations for the stress s are
8$11=Bl{e;+Bfeso+Bifero,
899 =Bhe1,+Bigeaa+ Bijera,
812=Blje1; +Bffess+Bidess.
The coefficients B must satisfy the relations (4.17), which become in
this case
B}%'f' Sn =B};.+S 22
BE"SHZBE‘F%SH,
Bg—sm ZB%§+%812-
The coefficients in this case will in general not be symmetric except
when the initial stress is a hydrostatic pressure
S11=S3, S12=0.
Let us now go back to the expression (4.13) for the variation of potential

134 -
energy 8W. The quantity W'= 2¥, 8¢, is the differential of an homo-
geneous quadratic form W' in ¢,,. We have

={py.
a €w By
According to Euler’s theorem for homogeneous forms

% 2 aW Ellv = % 2 buv€uy

Hence the expressions for the stram-energy in a body under initial stress

w ]
W =42t e+ ZS0eu- (4.18)

The value of the strain e, must be that given by formulas (1.12) above.
However, in the quadratic expressions Zfe, we may substitute e,, for

€u» 28 this does not affect the second-order terms, and write

W=t Sttt S - o o - . (419)
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By using the principle of virtual work with this value of the potential
energy we derive equations (4.11)

We may also introduce the stress components referred to the actual
areas. Using relations (4.10)

134 23 134
W =4 2e,[s,,18,,— (Sqfar+Sua) 1+ 28,6

Applying the principle of virtual work with this value of the potential
energy we derive equation (4.7).

5. The Special Case of Large Rotations and Small Strains.

This case is of special interest because small strains justify the applica-
tion of Hooke’s Law as a stress-strain relation. However, from identities
(2.6) we know that the strain and the rotation cannot be independent.
Therefore the statement that rotations are large with respect to the
strains implies the fulfilment of certain extra conditions, as, for instance,
that the thickness of the body is small with respect to the other dimensions.

When introducing this assumption it is most convenient to use the
variational method, and introduce it in the expression for the variation
of the strain-energy

uw
W=2Zr7,08¢, . . . . . . . . (51

We calculate 8¢, from expressions (1.12). For instance,
Sy =8€yyt (€41 @,) 80, (wy—€,5) 00+, 0¢,,—w, de,,. . (5.2)

If we neglect e,, and e, against w, and w, respectively, we may write
€1 =06, T, (8w, 48y )+ (Sw, — Be,,).

It is important to notice that this approximation may not be intro-
duced right away in the expression of ¢, but only in 8¢;,. In other
words, the principal part of the variatino de,, s not the variation of the
principal part of €,,. This remark holds if we start from the expression
W of the potential energy ; the principal part of the variation 8W is not the
variation of the principal part of W.

Expressing that the variation of the total internal (3.9) and external
(3.10) work vanishes, using expressions such as (5.2) for 8¢,,, we find the
equations of equilibrium

Ty Tre g T X0 D4 o (mw.» 2 (rages)

a
+ % (Tzswy) (TzzwzH" (7'330~’y) o2 (“'23‘%) =0,

etc.,................(5.4)
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with the boundary conditions
f(@)=ryot7 B8+ 7o+ (Tslwy“""mwz)“
+ (7250, — Tagw,) +B(Ta300, — T3, )y
Similar equations are found for the linearized theory of a body under
high initial stress. Such equations for the two-dimensional case have been
derived already in 1934 by the author).
We have written the above equations with the stress components =,

roferred to the initial areas. We may substitute in these equations the
values (3.6) of 7, in terms of oy,
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