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ABSTRACT

The theory of folding of a layered viscoelastic medium under a horizontal com-
pression parallel with the layer, as developed in previous publications (1, 2, 3),? is ex-
tended to take into account the influence of gravity. Characteristic features of the
folding are evaluated in terms of nondimensional parameters. The influence of
gravity appears through a parameter which depends on the relative magnitude of the
gravity forces and the horizontal compression. Specific cases discussed are that of a
layer on top of a half-space and the layer embedded between two half-spaces, with
the bottom medium either denser or less dense than the top one.

1. INTRODUCTION

In references 1 and 2 we have investigated the folding due to in-
stability when a layered viscoelastic medium is subject to a compression
in a direction parallel with the layer. The layer was assumed to be
embedded in an indefinite solid or lying on the surface of a half-space.
The problem was analyzed from a very general viewpoint and the visco-
elastic and hereditary characteristics of the material were assumed to
obey the most general linear laws. In particular, conclusions are drawn
for materials which obey the Onsager relations and the laws of the
thermodynamics of irreversible processes as formulated in some our
previous work (7, 8). The folding was also evaluated for various
specific combinations of viscoelastic media, and attention was given to
the effect of interfacial friction at the boundary and to the evaluation of
the magnitude of the folding as distinct from mere instability (2). In
the cited work we used an approximation of the ‘‘plate theory’ type to
represent the folding of the layer. In reference 3 this approximation
was discarded and the problem was treated by using exact equations of
the stability of a prestressed continuum as developed in earlier papers
(4, 5, 6, 7). The problem of stability of the surface of a viscoelastic
half-space was also treated as a particular case.

In the present analysis we are dealing with the problem of folding
of a layer, either lying on top of a viscoelastic half-space, or embedded
between two such half-spaces. When in addition to a compression
parallel with the direction of the layer there is also a uniform gravity
field perpendicular to this direction, we are therefore dealing with in-

t Consultant, Shell Development Company, Houston, Texas.
2 The boldface numbers in parentheses refer to the references appended to this paper.
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stability under a combined state of prestress—the horizontal compres-
sion in the layer, and a prestress due to gravity which is assumed to be a
hydrostatic field. The addition. of gravity to the problem is essential
of course if we have in mind some.of the geological applications. We
shall discuss these at a later date.

A general formulation of the problem is outlined in Section 2.
From the previously established theory (4, 5, 6, 7), we derive the equa-
tions for the stability problem of a continuum under a uniform compres-
sion and a hydrostatic stress gradient due to gravity. These equations
are quite general and may be applied to both compressible and incom-
pressible media. For simplicity we have applied the theory only to
incompressible media and in Section 3 we show that in this case simpli-
fications may be introduced along with a “plate type’’ equation for the
layer.  This leads to a very simple equation for the folding of a layer
lying on top of a half-space:. The case of a layer and underlying medium
which are incompressible and purely viscous is discussed in Section 4.
The dominant wave length (that is, that whose amplitude grows at the
fastest rate) is evaluated as a function of the ratio of the viscosity coeffi-
cients of the two media and a nondimensional parameter which repre-
sents the influence of gravity. This parameter is a ratio of two quanti-
ties, one is the pressure of a column of underlying material of height
equal to the layer thickness and the other the compressive horizontal
force. The density of the layer itself does not enter into the picture
because of our assumption that the layer behaves like a thin plate of
constant thickness. The relative amplitude of the folding for the
dominant wave length is also evaluated. This yields an indication of
the magnitude of the instability.

Section 5 discusses the case of a layer embedded between two differ-
ent materials. The materials are again assumed incompressible and
purely viscous. Two cases must be considered. In the first case the
underlying. material is denser and the effect of gravity is stabilizing.
The theory is the same as for the layer lying on top of the half-space
except for modified parameters which introduce the sum of the vis-
cosities of top and bottom media and the difference of their densities.
The effect of gravity tends to shorten the dominant wave length. The
second case is that of an inverse density gradient, that is, the under-
lying material is lighter than the top one. The layer is then unstable
because of gravity alone. The phenomenon then becomes somewhat
more eomplex. For certain ranges of the parameters the combined
effect ‘'of gravity and compression will increase the dominant wave
length while in another range the dominant wave length will be con-
trolled by geometric factors such as the depth of the surrounding me-
dium. It should be kept in mind that we have not taken into considera-
tion any inertia forces. The deformations are therefore assumed to be
sufficiently slow for:these forces to be negligible.
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Strictly speaking, the theory is also restricted to -infinitesimal
deformations but in practice it is of course applicable to a large category
of observable phenomena in the same sense as this is understood to be
true in the applications of the classical linear Theory of Elasticity.
Furthermore it is most likely that the folding wave length which ap-
pears in the incipient phase of the instability will also correspond to the
characteristic feature in the later phases with large deformations. An
experimental program of model tests on the folding of layered visco-
elastic media has been initiated. Results are in good agreement with
the theory. They will be presented in later publications.

2. GENERAL EQUATIONS FOR THE DEFORMATION OF A PRESTRESSED MEDIUM

In reference 3 we have analyzed the folding instability under com-
pression of a layered viscoelastic medium by using the exact equations
for the deformation of an anelastic continuum under prestress. These
equations are the same as those which we established in references 4, 5
and 6 for the elastic continuum. The general applicability of these
equations to anelastic media was discussed in reference 7. A brief re-
derivation of the equations was also presented in reference 3. In the
previous work we did not introduce the gravity force. In the following
we shall consider the prestress to result from both the lateral compres-
sive forces on the layered material and the hydrostatic pressure gradient
due to its weight. In the present section we shall write out the equa-
tions and boundary conditions for this particular state of prestress.
We shall also restrict ourselves to two-dimensional deformations. As
established in the work quoted above the incremental stress field of the
continuum satisfies the equations

IS 3529 dw 9w
% T oy T PYe m 2ug + Su—Sw g
aSn (aSn 6512) ?Sl? -
+ 5 e gy Tax )ty =0 ()

and another similar equation obtained by permuting x and y, 1 and 2
and changing w into — w. The coordinate system is assumed to be
clockwise. In these equations Sii, S, Si2 are the initial stress com-
ponents in the x, y plane, $11, S22, 512 are the incremental stresses, and
pY is the y component of the body force per unit volume (p mass den-
sity). The displacement field %, v yields the strain components

ou .. .0y o .
= o Cyy = 55] R (2)
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and the rotation

w=z— -

2\dx 9dy

1 dv au)' @)

In this representation the stress components s;; are the incremental
stresses at the displaced point x + %, y + 9, and relative to axes rotated
by an angle w. The strain components e;; are also referred to the same
displaced and rotated axes. The latter are of course not distinct, in the
first order, from the classical components for small strain.

Consider now a particular case of prestress, namely a combination
of a horizontal compressive stress P and a hydrostatic stress due to
gravity. The gravity force is assumed parallel with the y axis. In that
case

Y=g 4)

where g is acceleration of gravity and the initial state of stress is

Su=—P — pgy
Sz = — pgy ()
Su = 0.

The origin of the y direction is left arbitrary which is equivalent to
adding an arbitrary uniform hydrostatic stress in order to suit the
boundary conditions. Equations 1 to be satisfied by the incremental
stress field then become

511 0812 dv ow

P, P 9 _ple_

0x + ay T pg ox ady 0 ©)
951, 0529 ou dw

The boundary conditions may be formulated using the following rela-
tions (4, 5, 6) :
dF, = — [812 + S12 — S + Sis€.r — Slle:y:ldx

+ [311 + Su — S + Snew - Smez,,]dy

- [Szz + Sae 4+ S0 + Saes€z. — Sl2ezy]dx
+ [s12 + S + Suw + S126yy — Sueezy Ay

iF, ()

where dF, and dF, are the forces acting on an element of boundary’
initially represented by dx, dy. The force dF is acting on matter lying
on the left side of the arc dx, dy, considered as a vector differential.
For the particular prestress field under consideration, Eq. 5, these rela-
tions become
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dv
dF, = — [su + Pe., + pgy 5—]dx
x
dv
+[Su - (P + pgy) (1 + 5} ]dy (8
du ou
dF, = ~ [sn — pgy (1 + %)]dx + [312 — Po + pgyb—;]dy.

We must also express relations between the incremental stresses and
deformations. If we assume that they are of the same form as for an
unstressed medium, we write

si; = 2Qe;; + d:Re (e = e.. + ¢y,) 9
. d . .
with the operators (p = time derlvatlve),
0 = ﬁ ;%;Q(r)dr +Q+0p

(10)

s_ [ P /
R—ﬁ p+rR(r)dr+R+Rp.

We have previously derived these expressions from irreversible thermo-
dynamics (8). Strictly speaking their use for prestressed media may
involve an approximation. The nature of the limitations involved was
discussed in reference 2. However, in most problems these limitations
are only of academic interest.

Substitution of expression 9 for the stresses s,; into Egs. 6 yields two
operational equations for the displacements # and »v. The problem of
deformation and folding of a layer lying on a semi-infinite medium both
of heavy viscoelastic material and subject to a horizontal compression
is thus reduced to solving the two simultaneous equations for # and v
with appropriate boundary conditions. This can be done in a way
entirely analogous to the procedure followed in reference 3. The exact
solution however is somewhat involved and we have preferred to follow
an approximate but much simpler approach in analogy with our treat-
ment of the problem in reference 1.

3. APPROXIMATE SOLUTION OF THE PROBLEM

A viscoelastic layer lies on a semi-infinite medium also viscoelastic
of mass density p1. A force of gravity g per unit mass acts on both
media and the layer is subject to a horizontal compressive stress (Fig. 1).
The following assumptions are introduced :
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(@). The layer behaves like a plate and obeys the simplified equa-
tions of the plate theory. ' ’

(b). The hydrostatic prestress due to gravity is the only prestress in
the underlying medium.

(¢). Interfacial adherence of the layer and medium is neglected.

(d). Both materials are assumed incompressible.

(e). The weight of the layer has no effect on the folding, i.e., the
layer density may be assumed equal to zero.

The justification of assumptions (¢) and (b) is established by the
results in reference 3 which indicate that the factors neglected are not
too significant for practical purpose. The same remark holds for as-
sumption (c¢) on the basis of the analysis carried out in reference 2 by
taking into account the adherence. Assumption (e) is an approxima-
tion which for physical reasons may be considered to follow from (a)
since the plate bending occurs with no variation in thickness.

It may be expected that the assumption of incompressibility does
not restrict the results significantly while providing the advantage of
simplicity in the mathematical treatment. '

L aFy
‘T = Qg cos. ix
Ay

F16. 1. Compressed layer lying on top of a Fi16. 2. Coordinates, surface forces, and
heavy medium. deflections for the half space.

Consider first the underlying medium as an infinite half-space, the
surface lying at ¥ = 0, and the y axis being directed downward (Fig. 2).
Since we neglect any initial horizontal compression P in the underlying
medium, the equations for the displacement components # and v
are obtained by putting P = 0 and p = py, in Eq. 6, hence,

s 0512 dv
o + oy + pig P 0
(11)

3312 0822 ou
012 4 052 % o,
0x + dy Pig ox

Since we are dealing with an incompressible material, we may write

du , dv _
592+5§—0'. | . (12)



March, 1950.] GRAVITY IN A LAYERED VISCOELASTIC MEDIUM 217

Introducing this relation in Eq. 11, they become
ds
— (Su + pipv) + —” =0

s (13)
e (sn + pigo) = 0.

The boundary conditions (8) at the surface y = 0, when the prestress is
zero (P = 0), become

dF,
dx = T e

14
iF, (14)
dx Sez.

The operators B and @ of the stress-strain relations (9) defining the
viscoelastic properties of the underlying medium are designated by R,
and ;. For an incompressible material we put (8) B, = =, e = 0, and

= Rie. (15)
Relations (9) then become
$i; — 8438 = 2Qneq; (16)
If we write
s =54 pgo
sif = Sij + diipag0, 7

Egs. 13 are transformed into

asu’ 3812,

ox T oy =0
ds1e’ | 0ssd (18)
S12 Se2
dx + dy 0.
Relations (16) become
szj, - 51';'5' = 2Q16,~,- (19)
and the boundary condition is
dF, _
dx 20
iF, , (20)
- p1gY = — Sao2.

dx
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Equations 18 and 19 are those for a medium without initial stress.
The medium thus behaves as though there were no initial stress except
for a modified boundary condition 20 which contains an additional
“buoyancy term’’—p;gv.

The problem of surface deﬂection of a Viscoelastic half- -space under a
........ Al Sraedaaal 1o 1 32 401 vma armlera [ R,

blllubUlUdl vertiCal 10aa Qistr IUULlUll was bUlVEU. lll reierences l d.ll(.l L
For the case of an incompressible material, a vertical load distribution

dF, _
G = docos Ix (21)

produces a normal deflection v = V cos Ix (Fig. 2) related to the load by
do = 2Q1ZV. (22)

It was also found that in the absence of a horizontal force at the surface
(F. = 0) the horizontal displacement at the surface also vanishes for an
incompressible material. In order to take gravity into account we have

just shown that we must replace the boundary force ddF" by ddF

hence we must replace go by go — pigV. Relation 22 then becomes

go = (2Q4 + p:ig) V. (23)

Let us now consider the layer of thickness s. We assume that it bends
as a viscoelastic plate under an ‘axial compression P and a transverse
vertical load,

g = — gocoslx (24)

equal and opposite in sign to the load applied to the underlying medium.
We have shown in reference 1 that the plate deflection v satisfies the
equation

= hE d% d%

Bl—Zd_;+Ph(—i;=q (25)
where B is the operator
_4Q(Q@ + B) ‘ ,
B==%e+% (29

defining the viscoelastic properties of the layer. For an incompressible
material R = « and we have

B=40. @7
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With a sinusoidal deflection v = V cos lx after introducing expressions
22 and 24 for the load, Eq. 25 becomes

L0hY4 — Ph2 + 204 + pig = 0. (28)

This is the basic equation of the problem. We note that the mass
density of the layer does not appear in this equation. This is due
primarily to our assumption that the deformation of the layer obeys the
plate bending equation and therefore does not undergo a change of
thickness. Actually of course a more accurate treatment would show
an influence of the layer density, but the correction due to this effect
may be assumed to be small.

In the next section we shall discuss the significance of Eq. 28 in
relation to the folding of the layer under the simultaneous action of the
axial compression P and gravity.

4, FOLDING OF A VISCOUS LAYER LYING ON A HEAVY VISCOUS MEDIUM

We shall apply Eq. 28 for an incompressible medium to the par-
ticular case of a purely viscous layer under a horizontal compression P
lying on top of another heavy viscous fluid of infinite depth. The
viscosity coefficient of the layer is denoted by u, that of the underlying
medium by u;, and the mass density of the latter by pi.. The corre-
sponding operators are

Q = pp
29
Q1 = pip. 29)
Relation 28 may then be written
1ppe 4 2 & 1
kR _P (30)
_ 1 pgh wp
Ih: P

The physical interpretation of this relation lies in the significance of
the variable p considered as an algebraic quantity. As pointed out in
our previous work (1, 2, 3) if relation 30 is satisfied, any sinusoidal folding
of wave length

L =27/l (31)

has an amplitude increasing with time ¢, proportionally to the factor
ert. We have called the dominant wave length L, that which increases
at the maximum rate. This dominant wave length corresponds to the
minimum value of P/up on the right hand side of Eq. 30. This mini-
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mum depends on two parameters, u/u; and pigh/P. The latter repre-
sents the influence of gravity, as the ratio of the gravity forces to the
compressive load P. The relative importance of gravity is therefore
dependent on the magnitude of the horizontal compression.

‘We note that only the density p, of the underlying medium appears
in the expression for the gravity parameter. As already pointed out
this is due to our assumption that the layer behaves like a plate in
flexure and therefore that there is no change in thickness. The domi-
nant wave length L, of the folding corresponds to values of i for which
expression 30 is a minimum. Denoting by /. this value of I, it is

related to the dominant wave length by the relation
Ld _ 21r
s (32)

3
The value of /44 is plotted as a function of Ses in Fig. 3 for various
u

Idh*
06

_._———»/< / 20
7.
———
[——t——
__.,—*/ /] _l:_e’
0.4 P ah h
I
/ VA
o2 / Nz 10 /J‘
1725 /
0.2 A 2 \-1154
! / \-uzss
o // o——-—l
——
3 oo 10 20 P a0
° —~/3m
o 0.1 0.2 0.3 0.4 0.5 m :

F1c. 3. The combined effect of gravity, Fr1c. 4. The combined effect of gravity and
compressive load, and viscosity on the value compressive load on the dominant wave
of l3h. length.

values of the parameter pigh/P. The case pigh/P = 0 corresponds to
the absence of gravity. In that case we find the straight line

Lh = A2, (33)

M

This is identical with the relation found in reference 1 except for the
factor 3 in the present formula instead of 6. This is due to the fact that
the formula of reference 1 applies to a layer embedded in a medium
on both top and bottom while the present case deals with a layer lying on
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the surface of a semi-infinite medium. Clearly the latter case amounts
to the former if we divide by two the viscosity of the embedding medium.
For u: = 0, that is if the underlying medium is a fluid without viscosity,
the problem reduces to that of folding of a viscous plate laterally re-
strained only by the buoyancy of the underlying fluid. This amounts
to putting u; = 0 in Egs. 28 and 30. We derive

P ER T P R (34)

The maximum of this expression as a function of /k yields the value
corresponding to the dominant wave length, that is,

_ 2p1gh
lah = \/ P (35)

These are the values plotted along the vertical axis at zero abscissa in
Fig.3. From Eq. 35 we may write for the dominant wave length due to
gravity alone

2P
pigh’

Ld - 7l'h (36)

For example if P = gp.gh, that is, if the compressive load is nine times
the weight of a column of the underlying material of height equal to the
layer thickness we find L, = 13.4 X &, that is, the dominant wave
length due to gravity alone is about thirteen times the layer thickness.

At this point it is of interest to examine the magnitude of the in-
stability. Following a procedure identical with that used in the pre-
vious work (2, 3) let us evaluate the factor by which the amplitude of
the dominant wave length is multiplied for a period of application of
the compressive load P during which the layer would undergo a com-
pression of 25 per cent.? This time £, satisfies the relation

Pty = 4pe = u (37
where the compressive strain is
e =% (38)

We shall examine only the case when the underlying medium has no
viscosity (u; = 0). The amplification factor is exp(pt,) with

3 P

o=
j221 1 ough (39)

1t is of course understood that the theory is not rigorously applicable to such large de-
formations and the figures are only given as an indication of orders of magnitude.
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In Table I we have shown the values of the amplification factor in
~ terms of the gravity parameter.

TaBLE ].
pi1gh/P exp(pty)
1 2.11
1/4 20
1/7 190
1/9 850

It is seen that signiﬁcant ampliﬁcation occurs only for P/ plgh ST

A UlbLubblUll Ul Lll': d.llll.)llllLd.l.lUIl ld.LLUr lll LIIC dUbBllLC Ul grd.VlLy was
given in references 2 and 3, and it was found that significant amplifica-

tion occurred only if p/u; S 70 that is, if 3:1 2 0.35. The range of

the parameters shown in Fig. 3 corresponds to a domain for which the
amplification factor is significant.

The combined effect of gravity and viscosity is completely repre-
sented by the diagram of Fig. 3. We notice that the effect of gravity
dominates in regions where the wave length due to gravity alone is
larger than that due to viscosity alone as determined from Eq. 33. For

. . 3/3
example, assuming a viscosity ratio u/u; = 64, we find \/ ;ﬁ = (0.37.
1

The ratio Ly/h of dominant wave length to layer thickness for this case

is plotted in Fig. 4 as a function of We see that contrary to

P
pagh’
the case where gravity is neglected the wave lengths depends on the
compression P. For large values of P the ratio tends to L,/h = 17.2.
For the smaller values of the compressive load this ratio drops to about
12, as may be seen from the discussions in references 2 and 3. Below
this value the magnitude of the instability is such that it loses its
physical significance, as shown by the values of the amplification factor
in Table 1.

This means that in order to exhibit appreciable folding a very
thick layer may require a compressive load beyond the physically
possible range. This conclusion should be of significance in geological
applications.

5. FOLDING OF A LAYER LYING BETWEEN TWO HEAVY MEDIA

In the previous section we have considered the layer to lie on top
of another medium of infinite depth. We shall now consider the case
where another medium of different density and viscosity lies on top of
the layer. For simplicity the discussion is restricted to materials
which are purely viscous and incompressible. We designate by p; and
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py the mass density and viscosity of the bottom medium, and by p.
and u. the corresponding quantities for the medium lying on top. The
layer of viscosity u and thickness % under a horizontal compression P lies
between those two media (Fig. 5).

Fic. 5. Compressed layer lymg between two heavy media.

We may again write Eq. 25 for the layer flexure. However in the
expression of the total transverse load on the layer ¢ = gocoslx we
must take into account the restraint due to top and bottom media.
We therefore write in place of Eq. 23,

go = [2(Q1 + Q2)l + (p1 — p2)g]V. (40)
Since the materials are assumed purely viscous, the operators are
Q1 = up 1)
Q: = psp.

The sum @, 4+ @, reflects the fact that the restraint of the two media on
both sides of the layer is additive while p;, — p3 corresponds to the fact
that the effect of gravity is subtractive. Equation 28 for the stability
is therefore replaced by

%Qh“l“ — Phi* + Z(Ql + Qz)l + (Pl - P2)g =0 (42)
and Eq. 30 is replaced by

%lzhﬁ-*—zm—l—
g B _F (43)
T L
A 2

The dominant wave length is determined as before by evaluating the
value of /& which minimizes this quantity. The equations are formally
identical with those of the previous section except that the parameter

#1+ﬂ2
o

p1/p is replaced by ———=and p.gh/P is replaced by (p:1 — pz) =
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We must distinguish two cases. In one case the bottom material is
heavier than the top one, that is, p1 — p. is positive. The dominant
wave length is then determined by the same diagrams as in Figs. 3 and 4
where ui/u is replaced by (u; + us)/u and pigh/P by (p1r — p2)gh/P.
In the other case the bottom material is lighter than the top one, that is,
p1 — p2 is negative. This case differs essentially from the previous
one in that an instability due to gravity alone occurs in the absence of
any compressive stress in the layer.* In order to understand this more
clearly let us write relation 43 in the form

b = Pirrr + (Pz - pl)gh ‘A
T Gk + 2(u + pa)] '

As pointed out above, this value of p gives a folding amplitude propor-
tional to exp(pt) for the wave length L = 2x/I.

We see immediately that p = «, for l = 0, that is, the rate of fold-
ing increases indefinitely with the wave length. The reader will note
that we have assumed the deformation to be very small, therefore inertia
forces have been neglected. Hence, theoretically the dominant wave
length is infinite. In an actual situation the surrounding medium is not
infinite and the dominant wave length will be restricted by the thick-
ness of the surrounding material. This result is of significance in
geology as it is related to the formation of salt domes.

There is however the possibility of occurrence of a secondary domi-
nant wave length due primarily to the compression P. Obviously if
the effect of grav1ty d1sappears, for example if p, = pq, there is a max1-
mum value of p for Ik equal to

313
Lh = ‘l (:ul -+ #2) (45)
o V M \ 7/
Thie rolatinn 1e faonind by reanlacrine 1in Fa 22 [t hy (- 4 .Y/ ‘Xn"nn
1018 reiation 1s iound DY repiacing in 1qG. 32 DY (M1 + M2}/ M. vwanen

gravity enters into the plcture this maximum is displaced. This can
be shown by writing Eq. 44 in the form

_ ®+x
V= 8(8% + 2) (46)
with
s =n[3—4—]" @
LY ™ t Mg N Lo

* The stability of a stratified heavy viscous fluid has been analyzed from the viewpoint of
hydrodynamics by S. Chandrasekhar (9) and R. Hide (10).



March, 1950.] GRAVITY IN A LAYERED VISCOELASTIC MEDIUM 225
K = (Pz - Pl)gh = (48)
P [ 3 (Ml + #2)]
13

_ P(F'l +—#2)213M1/3
V3P ’

¥ (49)

The problem is to find the maximum value of ¥ considered as a function
of 8. When we plot ¢ as a function of § we must distinguish three
regions. For

k < 3() = 0.198, (50)

the plot shows a maximum and a minimum, as represented by curve 1
in Fig. 6. For
k= 3(1)*3, (1)

€

S~

FI1G. 6. Three typical curves for the dependence of ¥ on 3.

the maximum and minimum coincide (curve 2) and become a hori-
zontal inflexion point at

& = VI = 0.63. (52)

1€ (25)

For
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the curve has no maximum or minimum (curve 3). The point M at
which the maximum of ¢ occurs corresponds to a wave length of maxi-
mum rate of growth. The values of « and ¢ are related at point M by
the relation

_eQd -9

2% T 1 (54)

For values of « satisfying the inequality (50) there are two positive
values of & satisfying this relation. The largest value corresponds to
point M. This largest value of k versus & is plotted in Fig. 7.

0.2

} /
[3 /

e
/

80 u-8)
2 8%+

o1

]

[¢] 5 §— 1o

F16. 7. Relation between « and § corresponding to point M of Fig. 6.

From the relationship (Eq. 54) between « and § we deduce the value
of lsh corresponding to the dominant wave length. This is done by
writing Eqgs. 47 and 48 in the form

_ ) (p2 — p1)gh
Iah = W\/——~————P (55)

\]3(;11 + po) _ \/ (o2 — px)gh (56)

In these expressions k'is a function of § through relation (54). They
define a. family of plots for l.h versus V3(u1 + p2)/u with a param-
eter V(ps — p1)gh/P which measures the influence of gravity. These
curves are plotted in Fig. §, in a way analogous to Fig. 3. We remember
that the dominant wave length is related to Ik by Eq. 32. The inter-
rupted line in Fig. 8 corresponds to the case where the maximum van-
ishes as in curve (2) of Fig. 6, hence to the disappearance of any
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dominant wave length. The disappearance of the dominant wave
length occurs for « > 0.198, hence for

83 (41 + po) (p2 — p1)gh
TS > 2.5 \/—T—. (57)

It will be noted that in the case of an inverse density gradient the effect
of gravity is to increase the dominant wave length.

(P Py ) gh
P
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Fi1G. 8. Combined effect of gravity, compressive load, and viscosity, on the value of /3k for
the case of an inverse gravity gradient (ps > p1).

Finally in connection with the disappearance of the dominant wave
length if the inequality (57) is satisfied we should remark that this will
only be true if the surrounding medium is of infinite extent. In ac-
tuality of course the thickness will have a finite value, and if we neglect
inertia forces as we have done the dominant wave length caused by the
inverse gravity gradient will not be infinite but will be determined by
the thicknesses of the upper and lower media and their own boundary
conditions.
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