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SUMMARY

Based on the variational formulation of linear thermodynam-
ics as developed previously by the writer, thermomechanical
reciprocity relations are discussed which lead to new methods of
analysis of thermal stresses. These reciprocity relations are quite
different from the usual ones derived from the analogy of thermal
loading with a combination of surface and body-force distribution.
The results are applicable to stationary and transient temper-
atures in elastic and viscoelastic structures. The methods are
entirely variational and do not require the evaluation of the
temperature field. The stresses at one point are expressed di-
rectly in terms of any arbitrary distribution temperatures applied
externally, including the effect of surface heat-transfer layer.
The concepts and procedures are illustrated on a simple ex-
ample. The relation is pointed out between the reciprocity
property and the generalization of Castigliano’s principle to
thermomechanics.

(1) INTRODUCTION

N THE PAST, problems of thermal stresses in elastic
I systems have been treated by neglecting the
reciprocal coupling between the temperature and
deformation. What is meant by reciprocal coupling
is the fact that a change of temperature produces
a deformation and in turn a deformation produces
a change of temperature. Classical thermodynamics
shows that one effect cannot occur without the other.
This coupling leads to the well-known phenomenon of
thermoelastic dissipation in elastic solids. The cou-
pling is important from the standpoint of the physicist
and in certain specific technological applications such
as electronics, but in the theory of structures its order
of magnitude is not significant.

However the coupling does acquire importance in
thermal stress analysis as a concept because, as we will
show, it leads to entirely new methods of calculation.
We have shown? that the most general thermoelastic
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system obeys variational principles. These variational
principles were derived by introducing the concept of
entropy displacement and thermoelastic potential and
by expressing a dissipation function in terms of the time
derivatives of the entropy displacement. From these
principles we have derived a formulation of thermo-
clasticity where the mechanical and thermal variables
play identical roles. The boundary forces and tem-
peratures then obey thermomechanical reciprocity rela-
tions. 1n the case of stationary temperatures, this is
analogous to Maxwell’s. reciprocity relations for the
forces acting on an elastic structure. Furthermore,
the reciprocity properties apply to transient temper-
atures. Attention is called to the essential difference
between the reciprocity relations discussed in this
paper and the usual ones derived from the analogy of
thermal loading with distributed surface and body
forces or its equivalent variational form which uses the
isothermel free energy. The new viewpoint presented
here leads to influence coefficients and influence func-
tions which are truly of a hybrid thermomechanical char-
acter—i.e., they belong to both thermodynamics and
mechanics. By their use it becomes possible to predict
the stresses of one point due to any application of tem-
perature at the boundary applied either directly to the
solid or through a surface heat-transfer layer. Ad-
vantages of the method are many. The procedure
makes use entirely of variational methods and b&y-
passes the evaluation of the temperature field itself. The
process is error-smoothing, eliminates the evaluation of
eventual local temperature singularities, and requires
only one calculation for all possible cases of applied
temperatures at the boundary. The procedure may
also be used to calculate thermal stresses in visco-
elastic systems.

In Section (2) we review our previous results on the
variational formulation of thermoelasticity. The re-
sulting reciprocity relations for stationary temper-
atures are discussed in Section (3), along with some
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variational procedures for the evaluation of the thermo-
mechanical influence coefficients. Section (4) dis-
cusses the use of the reciprocity relations in thermal
stress analysis for stationary temperatures, and Sec-
tion (5) extends the same methods for transient thermal
stresses in elastic and viscoelastic structures. For the
purpose of illustration of the concepts and procedure,
we have treated a simple example in Section (6).

(2) VARIATIONAL FORMULATION OF THERMOELASTICITY

In previous work?~® we have described the state of a
thermoelastic system by two vector fields u and S of
components #; and .S;, respectively. The vector u is
the geometrical displacement of the medium. The
vector S, which we have called the entropy displace-
ment or entropy flow, is defined so that its time deriv-
ative is

(@S/or) = (1/T,) (0H/ ) (2.1)

where 0H/0Ot is the rate of heat flow. The symbol T,
denotes a constant reference temperature which repre-
sents the uniform temperature acquired by the system
when it is in a state of equilibrium in the presence of a
large heat reservoir at the same temperature 7. The
terminology ‘“‘entropy displacement’ for S is of course
only justified if the local temperatures 8 + T, are such
that9 << T,. The theory, being linear, is valid when
this inequality is not fulfilled, but there is no need’ of
changing the terminology. The thermoelastic proper-
ties of the system are then completely defined?—® by a
thermoelastic potential

V= fff, W + (1/2) (T}/¢) (Biess + div S)*ldr
(2.2)

and a dissipation function
(1/2)T, fL (1/K) (0S,/06)%d4 (2.3)

The integrals are extended to the volume 7 and the
boundary surface 4. The symbols are

ey = (1/2) [(Ouy/0x;) + (du;/dx;)] strain  com-
ponents

C,," = isothermal elastic moduli

W = (1/2)C.7e;e,,, isothermal strain energy

K coefficient of surface heat transfer

[ky]™t = thermal resistivity matrix—i.e.,
inverse of the thermal conductivity (k;;)

S. = normal component of S at the boundary

c = gpecific heat per unit volume at zero strain

>~
<
Ii

The B;;’s are coefficients which appear in the equations
of state for the stress o,,,

05 = Coley — B0 (2.4)

where 6 is the local excess temperature above the
equilibrium value 7,. The field S, the strain e;;, and

the excess temperature @ are related by the equation
divS = —(cb/T,) — Byey (2.5)

We now disturb the equilibrium of the system by

applying forces F per unit area at the boundary and
external temperatures 8,. These temperatures may be
applied at the boundary outside the surface heat-transfer
layer and not directly to the solid. They may also of
course be applied directly to the solid, which amounts
to putting K = =,
We have shown that the system responds as if general-
ized thermomechanical forces Q; were applied to it, and
that these forces are defined by a method of virtual
work. This virtual work is

Q15Qi = ff (F&u + Gaﬁsn)dA (2.6)
A

where S, is the normal component of S at the boundary
chosen positive inward. The thermoelastic system is
represented by the generalized coordinates g¢,, i.e., we
have put

U = ug; S = Sy (2.7)

where u; and S; are vector fields of fixed configuration.
The thermoelastic potential and the dissipation func-
tion then become

V = (1/2)a:q.4; D = (1/2)bygyq;  (2.8)

Applying variational methods, we have derived the
following differential equations:

(@V/0gy) + (0D/d¢;) = Q, (2.9)
or aiq; + bug; = Qs

These equations are a particular case of the more gen-
eral treatment of linear thermodynamics which we have
introduced in references 1 and 2 and displayed in more
detail in reference 5. The quadratic forms V and D
are positive definite because of their physical nature.

(3) RECIPROCITY RELATIONS FOR THE THERMOELASTIC
ADMITTANCE

It is of interest to consider the system as a ‘“‘black
box,” forces being applied to a small number of “‘ob-
served” coordinates ¢;. The other coordinates which
may be very large or even infinite in number are un-
observed and the conjugate forces applied to them
are zero. We may solve the system (2.9) for the
observed coordinates in terms of the corresponding
forces. We have shown that the solution is

g = A4%Q; (3.1)

where A,;* = A;* is a symmetric matrix representing
the thermoelastic admittance of the system. In oper-
ational form this admittance is

A= S C%0 +2)]+Cy (32

This was given a rigorous proof in reference 1. The
symbol p refers to the time derivative p = d/d¢ which
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in case of harmonic functions of time with angular fre-
quency w becomes p = 4w. Relations (3.1) may of
course also be considered as relations between Laplace
transforms of ¢, and Q;. Consider now two points P
and M at the boundary of a thermoelastic system. A
temperature 8p applied externally at P over a unit area
produces at M a displacement #, in a certain direction.}
We may assimilate the subscripts j and ¢ in expressions
(3.1) and (3.2) with the points P and M and the quan-
tities Q; and ¢, with 0p and #,,. We shall assume that
the temperatures are varying with time at an infinitely
slow rate, so that at every moment the temperatures
are the same as in a steady state. This assumption
being equivalent to that of zero frequency we may put
p = 0in expression (3.2). Hence, we may write

Uy = AMPBP (33)

o
(]
Q
-
154
=]
o+

with an “influenc

Aup = Z (Cu(x)/)\s) + Cu (3-4)

We note that, if CU(’) # 0, the corresponding A, cannot
be zero, since a finite temperature must produce a
finite displacement. Conversely, a force Fy applied
at M in the direction uy at an infinitely slow rate will
produce per unit area at P an inflow of entropy Sp,
which may be written

SP = APMFM . (35)

As a consequence of the symmetry of the admittance
matrix (3.2), we may write

Ayp = Aprm (3.6)

This reciprocity relation is the extension to mixed ther-
momechanical variables of the analogous Maxwell’s
relations between forces and displacements at different
locations of an elastic system. The temperature 6p
plays the role of 6, and we have already pointed out
that this indicates the temperature either outside the
surface transfer layer or at the solid boundary itself.
For practical purposes an interesting feature of the
coefficient A py is the possibility of establishing its
value by a relatively simple procedure, as follows.
Since the force is applied gradually and very slowly the
deformation may be considered isothermal (¢ = 0).
However, a flow of entropy is produced because each
element of volume due to its deformation exudes a cer-
tain amount of heat. This can be seen from Eq. (2.5),
which for isothermal deformations, i.e., § = 0, becomes

diV S = —ﬁijeij (37)

In this equation ey is the strain produced by the applica-
tion of the force Fy. The force Fy and the vector S
may be assumed to vary linearly with time at a very
slow rate. The time derivative of S is proportional to
the rate of heat flow and, according to the general prin-
ciples developed earlier,® must satisfy a principle of
minimum dissipation—i.e., its spatial distribution must

t Note that uj has the dimension of a displacement per unit
area hence of (length) 1.

minimize the dissipation function as given by Eq.
(2.3). Since we are dealing with a stationary state,
S may be assumed to vary linearly with time and we
may replace 0S/0t by S in the dissipation function D.
The problem is then to minimize

(1/2) f fA (1/K) (594 (3.8)

under the constraint (3.7). To do this we may either
minimize absolutely

rrre
D' 4\ J J } (div 8 + Byes)dr (3.9)

with the Lagrangian multiplier A, or, preferably, intro-
duce any field S* which satisfies Eq. (3.7), then put

S =8*++ §* (3.10)

where ST is an unknown field with conservative flow—
ie.,

div §+ = 0 (3.11)

We then find the field S+ which minimizes D’ abso-
lutely. Identical procedures have been discussed by
this writer in more detail in connection with heat flow
analysis problems.? It may be convenient to express
the right-hand side of Eq. (3.7) in terms of the stresses
due to Fa;. This will be the case in particular if such
stresses are statically determined directly from Fy,.
Consider a material under zero stress o,, = 0. Rela-
tion (2.4) becomes

Ce; = 8,0 (3.12)

With thermal dilation coefficient «,; we also have
ey = 0{1]0 (3.13)
hence, C.lay = B (3.14)

If now e, is the strain due to the force Fy for isothermal
deformation {0 = 0), the corresponding stress is

oy = Ch e, (3.15)

Multiplying Eq. (3.14) by e,, and taking Eq. (3.15)
into account we derive

iy = B,6u (3.16)
We may therefore write Eq. (3.7) as
divS = —~o,ay (3.17)

In the particular case of an isotropic medium, the stress-
strain relations are

oy = 2uey; + (e — BBy (3.18)

where ¢ = ¢,, + ¢, + ¢, is the dilation, and g, A, the
Lamé constants. The coefficients §8;; are reduced to

ﬁij = 6”,8 . (3.19)

and 8 may be expressed in terms of the linear coefficient
o of thermal dilation as
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Fi1c. 1. Thermal stress at M due to temperature 8P applied at P.

B = ai(2u + 3N)
Relation (3.7) becomes
div S = —ge

(3.20)

(3.21)

where e is the dilation produced by the force Iy, This
equation may also be written in terms of the stress in-
variant ¢ = ¢, 4+ oy + o, due to Fy by applying
Eq. (3.17). Wefind

divS = —ao (3.22)

This expression will be convenient in problems where
the stress field due to Fy is statically determined.
The expression for D’ also simplifies to

D' = (1/2) fffT (1/k)S%r +
(1/2) fj; (1/K)S,%dA  (3.23)

where & is the thermal conductivity.

Eq. (3.17) may be considered as generalizing the
method of the associated flow field of reference 4 to
thermoelasticity by associating an entropy flow with a
given stress configuration.

(4) APPLICATION TO THERMAL STRESS ANALYSIS FOR
STATIONARY TEMPERATURES

Application of the reciprocity relations to thermal
stress analysis may be made as follows: Consider a
structure as shown in Fig. 1 and suppose we wanted to
determine the stress at a plane cross section M due to
the application of a temperature 8, per unit area at
point P of the boundary. As mentioned above, this
temperature may be applied directly to the solid bound-
ary or through a surface heat-transfer layer. The
stress at M is represented by a normal force F,, a tan-
gential force F;, and a moment M. We cut the struc-
ture along the plane M and apply such forces very
slowly—i.e., isothermally at the cut. The linear and
angular displacements at the cut associated with the
forces F,, Fi, and 9N are, respectively, #,, #;, and a.
They may be written

Uy = ConFy + CotFr + Co oI
Ut CuinFrn + CuF: + C M (4.1)
o CanFn + CatFt + Caam

The matrix of coefficients is, of course, symmetric, and
relations (4.1) may be conveniently expressed by apply-
ing Castigliano’s principle—i.e.,

U, = OU/OF,, u; = QU/OF, a =0U/0M (4.2)

where U(F,, F, M) is a quadratic form representing the
isothermal strain energy. Up to now we have followed
the well-known classical procedure. We now suppose
that we have evaliated for each of the forces F,, Fi,
and 91, the entropy flow, and, in particular, the normal
inward flow of entropy per unit area at point P. For
each force component this entropy inflow at P may be
written

Sp™ = APM(n)Fn
SPU) = APMU)F; (43)
Sp' = Apy'om

In evaluating the flow field .S we must assume that it
remains continuous across the gap at M. The calcula-
tion is conveniently carried out by a variational pro-
cedure as outlined in the previous section. We are
now in a position to apply the reciprocity relations
(3.6). This means that we may evaluate immediately
the displacements produced at the gap by a temper-
ature 0p applied at point P per unit area. We write

Uy = AMP(OGP;
o = Ayr®p (4.4

Up = A Mp(n)ep,

The influence coefficients in these relations are already
determined by Egs. (4.3) since from the reciprocity
relations (3.6) we find

Aur™ = Apu™, Anr®® = Apy®,
AMp(a) = APM(a) (45)

Thermal stresses due to the temperature 6p correspond
to forces F,, F:, M which, at the gap, produce displace-
ments which are equal and opposite in sign to those
Eqgs. (4.4) produced by #p. Hence the thermal stresses
at M are given by the equations

Apy™8p = —(QU/DF,)
Apy®0p = —(QU/OF,) (4.6)
Apy'8p = ~(6U/bim)§ ,

The reader will note the advantages of this procedure
over the classical method. They are as follows:

(a) The method does not require the knowledge of
the temperature field in the body and by-passes com-
pletely the necessity of calculating this temperature
distribution.

(b) The thermomechanical influence coefficients
Aru™, Apu'®, Apy'®, appearing in Eqs. (4.6) are
determined for all points P of the boundary by a single
calculation. The calculation does not have to be re-
peated for every new distribution of boundary tem-
perature.

(¢) The thermomechanical influence coefficients are
determined by a variational method which amounts
to minimizing the dissipation function. This function
includes the effect of any surface heat-transfer layer
with a transfer coefficient which may be dependent
on the location.

(d) The method avoids the evaluation of compli-
cated temperature fields which may arise due to local
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effects near the points of application of the boundary
temperatures, and provides a ‘‘smoothing out” of these
effects.

Needless to say, the method is applicable to very
complex structures and is not at all restricted to the
particular configuration of Fig. 1 which is used here to
explain the method. As shown by this writer some
years ago,”® the connectivity of a body introduces
essential differences in the thermoelastic properties.
In problems of two-dimensional stress, for example,
we have shown that an homogeneous isotropic body
without holes—i.e., simply connected—exhibits no
thermal stresses under arbitrary stationary temper-
atures at the boundary. If there are holes, a cut such
as exhibited in Fig. 1 will render the body simply
connected and thermal stresses will disappear. They
will then be due entirely to the forces required to close
the gap at the cut. Application of these theorems to
the photoelastic determination of thermal stresses was
discussed in reference 9.

The reciprocity relations are equivalent to a general-
ization of Castigliano's principle for thermomechanical
phenomena, if we introduce the concept of associated
field as developed in reference 4. The thermoelastic
potential may be written

V= (1/2) (u'F, + u/Fi + o’ + Sebp) (4.7)
where
un’ = bU/bF,L + AMP("(OP
uy QU/OF; + Aypr®0p
o DU/ + Aur?8p (4.8)

Sp = APM(")Fn + APMU)Ft ‘I"
Apy @M + App®6p

Il

N

The quantity Sp or total entropy inflow at P is the sum
of expression (4.3) and an additional term 4 ppfp which
is the inflow due to 6p itself after elimination of the ig-
norable coordinates. This elimination may be ac-
complished by introducing associated flow fields as
developed in reference 4. The quantitiesu,’, #.’, and &’
are the total displacements at M obtained by adding
Egs. (4.2) and (4.4). Because of reciprocity and the
properties of quadratic forms we may write

u,' = dV/dF, u/ = dV/oF, ‘
o' = dV/OM, Sp=V/p (4.9)

This is a generalized form of Castigliano’s principle.
Putting

(4.10)

u, = u’ =a =0

is equivalent to Egs. (4.6) and determines the thermal
stresses. Eqgs. (4.10) also state that the thermoelastic
potential is a minimum when considered as a function of
a self-equilibrating stress field.

(5) EXTENSION TO TRANSIENT STRESSES AND TO
VISCOELASTICITY

Until now we have only considered the application of
reciprocity relations to the case of stationary temper-

atures. The next question is to extend the procedure
to the analysis of thermal stresses in an elastic system
for the case of transient temperatures. Since the ad-
mittance matrix 4,* is symmetric, it is clear that a
similar reciprocity property as Eq. (3.6) exists for
transients. Considering again point P and M, and a
temperature 6p(f) function of the time ¢ applied at P,
we may write, for the displacement at M, the opera-
tional relation

un(t) = Aup*0p(t) (5.1)

In this expression 4 yp* is an operator of the type (3.2).
This operator corresponds of course to an indicial
cross-admittance function Ayp(f). This admittance
function is obtained as the displacement u at M cor-
responding to the sudden application of a unit constant
temperature at P. We put

r(t) = 1) (52)
where 1(¢) is the Heaviside step function
- _ 30 1< 0 e
1) = {1 1>0 (5.3)

The indicial admittance is
Ayp(t) = Ayp™* 1(2) v 5.4) .

Conversely, for the entropy inflow at P due to a force
Fu(t) at M, we may also write the operational relation

Sp(t) = Apu™Fu(f) (5.5)

The corresponding indicial admittance A pp(f) equal to
the entropy inflow at P due to the sudden application
of a unit force Fyrat M is

. Apy(t) = Apy™ 1(8) (5.6)
The symmetry of the admittance matrix (3.2) leads to
Aur* = Apu™* (5.7

and, hence, to Aup(t) = Apu(?) (5.8)

This is a reciprocity relation for the indicial thermo-
mechanical admittance functions.

Application of these results to thermal stress anal-
ysis requires the evaluation of the indicial admittance
Apy(t). This requires the evaluation of the transient
entropy flow field due to the sudden application of a
unit force at M. Calculation of this field may be
achieved fairly simply by an approximate method.
The general thermoelastic theory?:? establishes a rela-
tion between the temperature 6 and the deformation,
which is

(0/0x4) [ky(00/0x;)] =
c(08/0t) + Trﬁij(beu/ ot) (5.9

The deformation e;; is due to the suddenly applied unit
force at M. Since we are dealing with a thermoelastic
system, if we wish to be exact the deformation e,; must
be computed along with the coupled temperature field
and will be a function of time. Actually, however, the
coupling between the deformation and the temperature
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is very small, and it is justified to assume that the de-
formations e; are the same as if they were isothermal.
At this point, we make use of a scalar concept already
introduced in reference 3, which we called a flow po-
tential. In this case, we define it as

v = (1/T) fo "0 dt (5.10)

Eq. (5.9) may then be written
(0/0x1) [k (O¢/0x;)] = c(0¢/dt) + Byey (5.11)

Because of Eq. (3.16), we may also write 8¢, = a0y
where ¢ is the stress due to Fa.

The scalar ¢ plays the role of a temperature field
with distributed heat sinks Bye,; = ayoy; per unit
volume, The entropy displacement is then given by

S; = —ky(0¥/0x;) (5.12)

Actually it is not necessary to evaluate the scalar ¢,
and the field .S; may be computed directly by vari-
ational methods as developed in considerable detail in
references 3 and 4 in connection with purely thermal
problems. The problem here is the same as the evalu-
ation of the heat flow, represented by S when a sudden
distribution of heat sinks B¢ is applied throughout
the body. This can be done by considering the prob-
lem as one of thermal relaxation, by splitting S into
two parts,

S=8+3S. (56.13)

where S, is the steady-state flow corresponding to the
sources, while S, is a transient field without sources
determined by the initial condition S; = —8; and
vanishing for { = . The steady-state field Sy has
already been considered above in connection with sta-
tionary problems and, as is shown, may also be evalu-
ated by variational methods.

We now go back to the more specific configuration of
Fig. 1. By the method just outlined we may evaluate
the three admittance functions 4Auxp™(®#), Aup'®(t),
Aup'® (), which are associated with the normal tan-
gential and angular displacement at the cut M. A
time varying temperature 0p(f) applied at P per unit
area produces at M displacements given by

u.(t) = Aup™()82(0) +

f(:AMPW (t — ) (d8p/dr)dr
wi(t) = Aup®(t) 6p(0) +

ﬁAMp<‘>(t — 7) (d8p/d7)dr
alf) = AMP(Q)(Q 82(0) +

fo Aup'® (¢ = 7) (dbp/dr)dr

(5.14)

If, again, we neglect the temperature changes produced
by the forces F,, Fi, 9 applied at M, the forces neces-
sary to close the gap are the same as in Section (4) for
isothermal deformation. Using the same isothermal
strain energy U we write

AMP<n)(t)0p(0) + j:AMP(n)(t - 1') X
(dfp/d7r)dTr = —(QU/OF,)

Aup9(£)6p(0) + j:AMP(’) (t— 1) X
(d8p/dr)dr = —(QU/QF,)

Aur(060(0) + L "Mt — 1) X
(dbp/dr)dr = —(QU/0M)

These three equations yield the thermal stress at M asa
function of time.

The reciprocity relations and the above methods are
readily extended to what might be called linear thermo-
viscoelasticity—i.e., the problem of thermal stressesin a
viscoelastic material such that the operational moduli
are independent of the temperature. In such a casethe
stress-strain relations are formally identical with Egs.
(2.4) where the coefficients C, ,‘,,"", B4, are replaced by the
operators C#,,*"j , B;*. The operators C“,*ij and B,;* are
related to the coefficient of thermal dilation by equa-
tions similar to (3.14); i.e.,

%4 - *
Cpr Jai} - B,ur

(5.15)

(5.16)

The requirement that the operators be temperature-
independent strongly restricts the applicability of
thermoviscoelasticity since most viscoelastic materials
show deformation rates which are very sensitive to tem-
perature changes. We shall therefore only briefly
indicate how the method may be extended to this case.

The validity of the reciprocity relations (5.8) for the
thermomechanical admittance operator in viscoelastic
media may be immediately derived from either the
correspondence rule or the general thermodynamic
principles as formulated in earlier publications. The
admittance functions are again computed by solving
Eq. (5.11) for ¢y or 8. The sinks in that equation due
to the application of the force Fu are By*ey = ayoy.
We see that if o, is statically determined they are con-
stant. The admittance functions thus calculated are
related to the stresses at M by equations formally
identical with (5.15) except for the fact that the co-
efficients on the right-hand side are operators. The
reader familiar with operational or Laplace transform
methods will have no difficulty in evaluating these
stresses by standard procedures.

Castigliano’s principle may be extended in oper-
ational form to the transient thermoelastic case by
writing an expression identical in form with (4.7) ex-
cept that the coefficients are replaced by the corre-
sponding operators. The same generalization holds for
thermoviscoelasticity or any other more complex field
of application of irreversible thermodynamics. It also
corresponds to a generalization of methods of comple-
mentary energy to thermoelasticity and thermovisco-
elasticity.

(6) EXAMPLE

We shall consider the problem of stationary thermal
stresses in a thin circular cylinder of radius ¢ and thick-



NEW THERMOMECHANICAL RECIPROCITY RELATIONS 407

ness i (see Fig. 2). The deformation is restrained along
the axis, and the problem is one of two-dimensional
strain. The two-dimensional stress-strain relations are

s = 26 + Ne — B8 .
oy = 2ue,, + Ae — B0 (6.1)

2pesy

i

with the dilation ¢ = e;, 4+ ¢, and Lamé constants A
and u. The stress o,, in a direction parallel with the
axis is

0is = Ne — B0 (6.2)
Following the procedure outlined above, we cut the

cylinder at M (Fig. 2). Forces and moments applied
at M produce a bending moment My at point P.

NMp = M+ Fa(l — cos ¢) + Fasin ¢ (6.3)

The forces are expressed per unit length along the axis.
The strain energy due to these forcesis

. ~ \
U= (/210 - #)/E] (2/k)a | srmdga} 64
U = (1/2)R[29M2 + 3a2F,? + a*F + 4a90F, ]

with

R = [(1 — v&/E] (12/h®)ma
E = Young's modulus
v = Poisson’s ratio

Castigliano’s principle expressed by Eqs. (4.2) yields
the linear and angular displacements at M.

u, = 3a:RF, + 2aRM
Uy = Ra,th (65)
a = 2a¢RF, + 2Rm

We must now calculate the displacements at M due to
temperatures at the cylindrical boundary by applying
the thermomechanical reciprocity relations. The forces
at M produce a dilation e and a corresponding entropy
flow .S which we assume to be perpendicular to the
circumference. The region around point P is repre-
sented in Fig. 3. The flow S across the thickness must
satisfy '

0S/dy = —Be (6.6)

where the dilation e is linearly distributed and given byt

¢ =-—Dy } 6.7)
D=1[0%»d—2)/E q2/mme| &

Integrating Eq. (6.6),

S = (1/2)8Dy* + C (6.8)

where C is a constant of integration to be determined

by a principle of minimum dissipation—i.e., by mini-

mizing expression (3.23). If there is no heat-transfer
surface layer (K = =) this results in the equation
+(h/2)

Stdy = 0 (6.9)
—(k/2)

(0/0C)

t We shall neglect here that part of the deformation which is
due to other forces than the bending moment 9 p.

Fic. 2. Stresses in a thin circular cylinder.

s |5e
V/// 1//// V777777 /77

H—h—
2 - 7o
S

« O «w

. W V777777777 2777777/
2
Sp

F1G. 3. Section across the thickness at P.

from which we determine C. We find
S = (1/2)8D[y?* — (b%/12)] (6.10)

The inward component Sp of S at the inside boundary
(y= —h/2)is

Sp = (1/12)8Dh?
Sp=[8(1+» (1 ~— 2”)/Eh/]mp} (6.11)

It is easily shown that
v = B/E) (1 + ») (1 — 2v) (6.12)

represents the coefficient of thermal dilation for two-
dimensional strain; hence, we may write

Sp = y(Mp/h) (6.13)

i

For each force component at M we derive from Eq. (6.3)

Sp™ = (ya/k) (1 — cos ¢)F,
Sp = (ya/k) F;sin ¢ (6.14)
SP(a) = (‘//h)im

These equations correspond to relations (4.3). The
thermomechanical influence coefficients are

Aup™ = (ya/h) (1 — cos )
Ayp® = (ya/k) sin ¢ (6.15)
AMP(a) = ’Y/h

We shall apply relations (4.6) to the case of an arbi-
trary distribution of temperatures 6p along the inside
circumference. On the left-hand side we must there-
fore integrate the temperatures over all points P.
The right-hand side is given by relations (6.5). We
find

27

- Aup™bpade = 302RF, + 2aRM
0
27

— AyrP8pade = Ra’F, (6.16)
0
27

- f Aur@0pade = 2aRF, + 2R
0

If the temperature is uniform, i.e., 8 = 6, we find
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F, = F, = 0and
M = —(v6o/k) [E/(1 — »?)]p(h?/12) (6.17)

The thermal stress is a pure moment. For 6p =
6o sin ¢, wefind F,, = M = Oand’

F, = —(v6o/ah) [E/(1 — »)] (h%/12)

For fp proportional to sin ne or cos ny where (n =
integer) # > 1 the thermal stress vanishes. These re-
sults are in agreement with our general theorem of
reference 8 on two-dimensional thermal stresses.

If, instead of applying the temperature p directly
to the solid boundary, we apply it through a layer of
heat-transfer coefficient K we must minimize the ex-
pression

(6.18)

+ (/2
D’ = (1/2k) f—(h/2) S?2dy + (1/K)Sp? (6.19)

with
k= heat conductivity of the solid
S = (1/2)Dy* + C (6.20)
Sp = (1/8)8Dh* + C

The factor 1/2 does not appear in the second term of
Eq. (6.19) because it is the sum of two terms corre-
sponding to the inner and outer boundaries. Minimiz-
ing D’ determines C, and we find

Sp = 8Dh/12[1 + (2k/Kh)] (6.21)

Comparing with (6.11), we see that all calculations may
be repeated, provided we multiply all thermomechanical
coefficients A ™, etc., by 1/[1 + (2k/Kh)].

The example presented here has been chosen for its
simplicity and as an illustration of the methods. It is
not intended to show the particular advantages attached
to the procedure. This should come out in the treat-
ment of more complex problems.
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