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Abstract. Fundamental equations are derived for the mechanics of a fluid-
filled porous medium under initial stress. The theory takes into account elastic
and viscoelastic properties, including the most general case of anisotropy. It
includes the theory of stability, and of acoustic propagation under initial stress,
and by thermodynamic analogy the dynamics of a thermoelastic continuum
under initial stress. Equations are also developed for a medium which is iso-
tropic in finite strain. General variational principles are derived by which
problems are easily formulated in curvilinear coordinates or in Lagrangian form
by using generalized coordinates. It is shown that the variational principles are a
direct consequence of the general equations of the thermodynamics of irreversi-
ble processes, and lead to real characteristic roots for instability.

1. Introduction. In the mechanics of porous media which has been developed
to date the effect of the initial stress has not been introduced into the basic
equations. The generalization of the theory to include this effect is of considerable
interest in many applications. In civil engineering and geophysics the problems
of consolidation and tectonics involve earth masses which are initially under high
initial stress. In problems of foundation engineering the influence of the initial
stress appears in a buoyancy effect which is actually used in design procedures
and amounts to “floating” a building on its foundation. Since earth masses are
generally porous and fluid-saturated, a consolidation theory taking into account
this initial stress is obviously needed. On the other hand, problems of tectonic
folding in geology are to a large extent problems of stability of porous media
under initial stress. This requires an extension of the stability theory of continua
to porous media. The theory presented in this paper is essentially the mechanics
of fluid saturated porous media initially in equilibrium in a stressed condition
and subjected to small perturbations. However, by a trivial limiting process
where the variables become infinitesimals the theory leads also to instantaneous
time rate equations valid for finite deformations.

The consolidation theory [1] [10] with suitable adaptations is combined with

1 This work was sponsored by the Shell Development Co.
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the mechanies of continua under initial stress [2], [3], [4], [5], [6]. That such a.
generalization is readily possible was already pointed out many years ago by
the writer in the original paper on consolidation [1].

The implications of the theory extend beyond the scope of stability and the-
mechanics of porous media. This is outlined briefly in the Appendix. The results
are immediately applicable to acoustic propagation in a porous medium under
initial stress including problems of seismic propagation in porous rock and
geological structures. By thermodynamic analogy the same equations also
govern the dynamics and stability of a thermoelastic continuum under initial
stress.

2. Equilibrium equations for the incremental stress field. A porous medium
is assumed to be in equilibrium in a state of initial stress. The total initial stress.
in the bulk material is denoted by S;; . With a body force X, per unit mass and
a mass density p for the bulk medium the equilibrium condition for the state of
initial stress is

BS”"

2.1 o,

+ pXi3=10

The pore contains a fluid of mass density p, . In the initial equilibrium the fluid
pressure P in the pores must satisfy the condition 1154

op [t 4 "
axi &:':&prin'—' O

SRRV - =

2.2 -

In the present section the properties of this fluid will not appear explicitly in
the equations.

A first order perturbation of the equilibrium is now introduced. The coordinates
z; of a point attached to the medium become

(2'3) E,’ = T; + Ui

after deformation. The stress initially S;; becomes &.; at the displaced point.
The strain is

= af%us %)
(2.4:) €;; 2<6x,- + ax'.
and the local rotation is
ou; ou;
= 1f %% _ 04
(25) Wi 2(827,‘ 890,)

A volume V7 in the initial state becomes V' after deformation and its surface
S becomes §'. The total force acting on S’ after deformation is

2.6) F, = f f | dunfas’.
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The stress at the displaced point referred to fixed z; coordinates is &;; and n/ is
the unit normal to S’. The surface integral may be transformed to the original
coordinate system by the transformation rules of surface integrals. We put

2.7 A = 6uMyy,
where
(2.8) M,-; = (1 + 6)51',' — e+ wi;

are the partial Jacobians of the coordinate transformation written by retaining
only zero and first order terms. The dilatation is denoted by

(2-9) e = 6”6“.
The transformed integral is

(2.10) F, = ffs A;m; ds,

where 7; is the unit normal on the initial boundary.

Consider now the resultant of the body force acting on V’. Denote by X/ the
body force field at the displaced point and by p’ the mass density of the bulk
material at that point. The body force acting on V' is

@.11) B, = ff Xt ave.

This is transformed to an integral over the original volume V by introducing the
Jacobian

@.19) 7=98
we find
2.13) B, = f f f Xt d dV.

The quantity p’J is the mass of an element of bulk material originally of unit
volume with a mass p. Hence we may write

(2.19) o’ =p+ Ap

where Ap is the mass of fluid which has entered the initial unit volume through
the pores.

Putting equal to zero the sum of the forces (2.10) and (2.13) acting on the
volume V’ we derive

2.15) ffs Ain, dS + fffv(” + Ap) X1 dV = 0.
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Transforming the first term to a volume integral yields

2.16) fff [ Sy (o + Ap)X’:I dv = 0.

Since V is arbitrary we must have the equilibrium condition

@.17) "A“ + (o + ADX! = 0.

Following the procedure used in the writer’s earlier work [2], [3], [4], [5], [6] we
now introduce incremental stress components s;; referred to local axes obtained
by giving the original coordinate axes a solid rotation defined by w;; . These
stress components are related to &;; by the equations

(2.18) G:; = Si; + 85 + Spwa + Sawis.

Terms of order higher than the first have been dropped. Again with a first order
approximation

2.19) A = Sy + si; + Sie + Siiwa — Saeri.

We substitute this expression into the equilibrium equations (2, 17) taking into
account the equilibrium condition (2.1) for the initial stress. This yields

(2.20) £“ (3,',' + S,','e + Sk,w,-k - S,-;,ek,-)' + pAX, + Xpr = O,

where
(2.21) AX, = X! - X,.

This is the difference between the body force field at the displaced and initial
points. To the first order we may express it as

2.22) AX; = —é—— u;.
For a uniform gravity field AX; vanishes. To the first order we may also replace
X’ by X and write equation (2.20) as

(2.23) 'é'g— (S,',' + S,-,-e + Sk,-w.-;, - S,‘keki) + pAX, + X.Ap = 0.

Except for the term X,Ap these equations are identical with those obtained
previously for the continuum under initial stress [2], [3], [4], [5], [6]. We have
shown that they may be written in an alternate form by using the equilibrium
conditions (2.1) for the initial stress and well known differential relations be-
tween ¢;; and w;; . Equations (2.23) then take the form

B 4 pAX, — puaXs — peXi + Xip + 8 &

(2.24)

aw,k e GS,-,,
dx; * ox;

awtk

+ Sck

= 0.
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The boundary forces are obtained immediately from expression (2.10). The
force per unit initial area acting on the deformed boundary is

(2.25) f.' = A.L',’nf.
This may be written
(2.26) f,' = S.-,-n,- + Af.-,

where At; is the incremental boundary force per unit initial area. Introducing

the value (2.19) for A.. we derive
the valiue (2. we derive

10 AL 14y

(2.27) Af; = (si; + Sie + Suwa — Suein;.

This equation is used to express the boundary conditions.

It should be noted that if the boundary is in contact with a fluid where the
hydrostatic stress field is S(z;) the boundary condition is obtained by inserting
into expression (2.27) the values

(2.28) 8;; = [S¢) — S(x)]s:;
S = 838
The incremental boundary foree is then

@.29) of; = [86) — S@ln, + (eni — Lin,)s

The boundary condition is found by equating expressions (2.27) and (2.29).
This equation is useful in problems where the boundaries of the porous medium
are submerged.

3. Strain and incremental stresses. Consider & cube of unit size of the bulk
material oriented along the original fixed axes and under initial stresses. Let us
give the material an homogeneous deformation without rotation. After the
deformation the cube becomes a parallelepiped. From equation (2.10) it is
seen that the forces acting on the deformed faces of the element are determined
by 4;; after putting equal to zero the rotation w;; . We denote this value of 4;; by

(3.1) Af,' = S.’; -+ 85; -+ Sﬁe - S.‘keki-

As done in earlier papers [2], [3], [4] it is convenient to introduce a non-symmetric
tensor

(3.2) t,’, = 8i; + S;ie —_ S;kek,'
which represents incremental forces per unit initial area. Hence
(3.3) Al = 8+t

During the deformation the fluid content in the pores also changes. We denote
by w; a vector representing the volume of fluid which has flowed into the element
through the face perpendicular to the #** coordinate axis. We denote by p, the
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increment of fluid pressure in the pores. We shall first assume that the initial
fluid pressure and fluid density are uniform.

For isothermal deformations there is a strain energy represented by the
isothermal free energy. This increment of free energy of the element is

(3.4:) dW = A,’, de” + p/ dg‘.
We have defined a fluid content variable as

ow;
(3.5) = — oz,

We also introduce the symmetric part of ¢; as

(3.6) o= 30 + #).
Hence
3.7 aw = 8,; de;; + t:; de:; + p; df.

This must be an exact differential. The incremental stresses t;; and p, are
linear functions of ¢;; and {. Hence

tii = C‘:;eyr + M.‘jg.,
pr = Mle; + Ms.
Because of the symmetry of ¢;; and e;; we put
cr = ¥ = O,
3.9) M =M,
Ml = M.
Since dW is an exact differential we must also satisfy the conditions
Ct = C,
M = M.

38

(3.10

Hence equations (3.8) become
b = C?;enr + M-’i;:
pr = Me,; + Mg.

We may express these equations in terms of the stresses s;; by using relation

(3.11)

(3.12) Lii = 8i + Siie — $(Suer; + Siners)
obtained from equations (3.2) and (3.6). It may be written in the form
(3.13) tii = Sii + Sc‘iauveuv - %(‘Siusvi + Siuair)euv'

Since ¢,, = ¢,, this may also be written
(3.14) t.’i = 8;; + Siiaure;u - D‘i‘;ein
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with
D’:: = %(Sinavi + SiMBiv + Sivaui + Sivaiu):
D; = Dji.
We now substitute {;; into equations (3.8). This yields

(3.15)

(3.16) 8 uenv + Mng‘}
pr = Mie,; + Mg,
with
(317) Bl:: = C‘:: - Siisw Jl" D‘z“;
The matrix B} is not symmetric, and obeys the following relations,
(3.18) B':: + Siialn = ‘B:L:l + Suvaii-
Hence in general
(3.19) B!} = Bji.

This is the same property as already derived for the coefficients in the earlier
theory for the continuum under initial stress [3], [4], [5].

In the derivation we have assumed the initial fluid pressure and density to be
uniform throughout the element considered. When dealing with a medium under
the action of a body force this is not the case and we must take into account the
fact that the fluid density is not uniform. This becomes clear if we assume a
steady state of flow for the fluid through the pores. The stresses remain constant
in this case however, this is in contradiction with the stress-strain relations
(3.16) because ¢ in this case is not zero. However, this difficulty is easily taken
care of by redefining ¢ as

(3.20) ¢ = -plgx— (osws).

It coincides with (3.5) when p, is uniform.

As shown by the results obtained from the thermodynamic and variational
principles discussed in section 6 below, it is also necessary to substitute another
variable for the incremental pressure p, . Assuming isothermal transformations
we must consider the function
(3.21) o= [22
Pr

For a given fluid at a given temperature it depends only on the pressure P.
The incremental value Ay of ¥ at a given location must be considered and the
expression p, Ay must be substituted for p, . With the definitions (3.20) for ¢
the stress-strain relations (3.11) and (3.16) become

(3.22) tii 7eur + Mng‘;
prAY = M e;; + Mg
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and

(3 23) Sip = B?;eﬂ.v + Miig-}

pAY = M e;; + Mt

As an example we shall consider the case of an orthotropic medium whose axes
of elastic symmetry coincide with the coordinate axes. We assume that the
principal directions of the initial stress also coincide with the same directions.
The initial stresses are denoted by S,,8,:,8:s . The stress-strain relations (3.16)
take the particular form

811 = Bu€s + Bise,, + Buse,, + Mg,
S22 = Busx + Busey, + Byse,, + Mg,
833 = Bai€s: + Bue,, + Bue,, + Mg,
(3.24) S5 = 2he,,,
851 = 2Qs0..,
12 = 2Qs6,y,
pAY = Mie,, + Mse,, + Mse,, + M¢.
The matrix B,; is non-symmetric and relations (3.18) become
By, + 81 = By + 8 = Chs,
(3.25) Bys + S22 = Bgy 4+ Sz = Cys,
By 4 83 = Bz + Su = Cyy.

The stress system {,; is
by = s + Su(ew + e..),

t22 = 82 + S22(ezz + ezz);
tis = Sz3 + Sasless + €,0),

(3.26)
bag = S8u3,
by = 831,
by = 8.

With these stresses the first three équa,tions (3.24) are replaced by
by = Bu€.. + Cusyy + Cue,. + Mg,

3.27) te = Cistss + Bastyy + Case.n + Mo,
tss = Cs16; 1+ Caseyy, + Base,, + Mg,

The matrix in this case is symmetric.
The medium may be isotropic in finite strain. This means that starting from
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the unstressed condition the finite stress-strain relations are the same for any
orientation of the medium. In that case the anisotropy of the incremental
properties is due to the initial stress. The medium become orthotropic with
directions of symmetry along the principal directions of the initial stress. If these
directions coincide with the coordinate axes the stress-strain relations have the
same form as equations (3.24). However in this case it is possible to write ex-
plicitly the shear coefficients @, , @, , @s . If A\, , A\, , \; are the extension ratios in
the principal directions of the finite initial strain we may write

Q= 38 — S0 N,
(3.29) @ = 48 — S HEN,

AL+ >\2.
- A
These expressions where derived by the writer in earlier papers [7], [8] for the

case of the elastic continuum isotropic in finite strain. The derivation is obviously
valid also for the porous isotropic medium.

Qa = %(Su Szz)

4. Thermodynamics of Darcy’s Law under initial stress. In the previous
sections we have considered the equilibrium equations of the stress field and the
stress-strain properties under reversible quasi-static conditions. In order to
complete the necessary set of equations we must now consider the irreversible
process of fluid flow through the pores. For isotropic media the relation
between the relative rate of flow of the pore fluid, the fluid pressure and the body
forces is known as Darcy’s law. A generalization of Darcy’s law based on the
thermodynamic of irreversible processes was given earlier by the writer [9], [10].
This result will now be extended to a medium under initial stress. Before analyz-
ing the effect of the viscosity it is important to understand the simpler problems
of a porous medium containing a frictionless fluid. The same fluid is assumed to
occupy the pores at all points. However, the pressures and densities of this
fluid may vary from point to point. On the other hand the system is assumed
to be in thermal equilibrium, the temperature is uniform throughout, and remains
constant during the deformation process. Hence we are dealing with isothermal
transformations such that the fluid density p,(¢) is a function only of the fluid
pressure P(£) at the same point. We shall use the function

4.1, Y = f‘ip?:

which depends only on the fluid pressure.
As shown by Hubbert [11] the following potential funection is fundamental
in expressing the mechanics of flow in porous media,

“.2) 6=y +U.
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The body:force potential v is a function of the coordinates, and the body force
field per,unit mass is given by

4.9 x, = -

The condition of equilibrium of the fluid is expressed by the equation

4.4 ¢ = Constant.

It is readilyzveriﬁed, by taking the gradient of ¢, that
op 1 0P,

4. =t e X =

“.5 3 ~ oy O,

This is the equation for static equilibrium of the fluid. Let us assume now that
the fluid is not in equilibrium. The departure from equilibrium may be measured
by a ‘““disequilibrium force” per unit volume defined as

(4°6) P!Xf = —ps 6—&

If instead of a perfect fluid we are dealing with a viscous fluid of viscosity 4 the
disequilibrium force produces a fluid motion through the pores and brings into
the picture a dissipation function which may be written,

4.7 D = 3yr. b0,

Time derivatives of w; at the point £, are denoted by w; . Principles of non-
equilibrium thermodynamics for perturbations around an equilibrium state
lead to the equation

;- 9D
(4-8) ps Xl = S
or
9 .
4.9 —Pr 52 = Wiy

The reciprocity property of the coefficient,
(4:.10) 7'” = r“’

is a consequence of Onsager’s principle [12], [13]. Introducing the inverse matrix
of elements k;;

4.11) [kl = frai]™

equation (4.9) becomes

, folo)
4.12 = L ki 2.
( ) Wi n 0E;
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This equation is formally the same as that obtained earlier. For an isotropic
medium, where k;; = ké;; , it coincides with the result of Hubbert [11].

The equations written here are expressed in terms of the final coordinate £; .
After incremental deformations and all other values in the equations are at the
displaced point £ . For our purpose however we must introduce the initial
coordinates z; .

Let us consider the equilibrium value of ¢ which is put equal to a constant ¢, :

(4.13) ¢@® = ¥ + UE) = ¢o.
Since £ may be replaced by z in this equation we may also write
(4.14) Y@y -+ Ul) = ¢,
On the other hand for nonequilibrium the value of ¢ at point £ is
(4.15) ') = ¢® + U®.
The difference is
(4.16) ¢'(®) — ¢ = Ay + AU,
where
@ AY = V) — @),

AU = V() — Ulx).

The quantity Ay is the same as that defined in the stress-strain relations (3.23).
It represents the increment of ¥ at a point atlached to the solid. Substituting the
value (4.16) of ¢'(£) instead of ¢ into equation (4.9) we find

4.18) (A¢ + AU) = n;:00;.

—Pr ae ag.
The derivatives are expressed by means of the coordinates ¢; after deformation
of the porous medium. For our purpose we must express them in terms of the
initial coordinates z; . Therefore we write

ax K3
Since Ay + AU is of the first order we put
or; _
(4.20) -az 8
and to the same order we may write
4.21) — (Ay + AU) = — (A;b -+ AU).

GE.

Hence equation (4.18) becomes

(4.22)

at 6:1: = Nr;w;
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We may further linearize AV by first order Taylor expansion,

av
(4.23) AV = Ex_u = —Xu;.

Inserting this expression into equation (4.22) yields

(4.29) (A¢ Xju;) = ari;

We note that for a constant fluid density the equation becomes
i) ,
(4.25) oz, (s — psXu) = nri;.

The quantity in the bracket represents the excess pressure over the hydrostatic
equilibrium value at the displaced point.

5. General field equations. The field equations for the mechanics of a porous
medium under initial stress are obtained by combining the preceding results.
Since Ap is the mass of fluid which has entered through the pores into an element
initially of unit volume we may write

(i)
6.1 Ap = =3 (osws).

From the definition (3.20) of ¢ this becomes
(5.2 Ap = psl.

With this value inserted in the equation we write the equilibrium condition
(2.23) and the generalized Darcy relation (4.24)

:9; (sii + S.','e -+ Slciwik - S.‘kekj) + pAX; + pr Xk = 0,

5.3

—Pr o ax (A‘p Xu) = 9 iW;.

In addition we need the stress-strain relations (3.23)
8:; = Bije, + M8,
pAY = Me:; + Mg,

Substituting these values of s;; and Ay into equations (5.3) we derive six field
equations for the displacements u; and w; ,

(5.4

a i (B euv + Mn;‘) + Y (Sue + Skiwlk - Sikeki) + pAX; + prig- = O)
(5.5)

a1 i) .
-Pfé_;:: [-p_, (M ;ie:; + Mi’)] + Pf%; (Xiu;) = qrij;.
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If we wish to use the form (2.24) of the equilibrium condition the first equation
(5.5) is replaced by

ax (B e T MHQ + pAX; + (Pfg. -~ p0)X;
(5.6)
awlk

aw,k —¢ BS,-,,
* oz,

_pwthk + S:Ic + Szk = O'

In the particular case where the fluid is of uniform density in the initial state
the stress-strain relations (3.23) become equation (3.16) with the definition

o
0x;

(5.7) §= -

for ¢ and the incremental fluid pressure p, . In this case the second field equation
(5.5) is also simplified to

9 9 .
(5.8) ~ oz, M ie:; + ME) + P oz, (Xju;) = nri;.

The condition of uniform density requires either that the fluid be incompressible
or that the body force be zero. In the latter case the initial fluid pressure is also
uniform. In the absence of a body force the field equations are further simplified
by disappearance of all terms containing X; . In this case using the form (5.6)
the field equations become

aw,k a S ik

4 " 80.)1;, - -
ax’ Bneuv + Mu.() + Si"’ + S'k ; bik E)x,- B O,

(5.9
9 .
—'a‘z (M,-,-e,-; + Mg‘) = m’“-’w;.

For uniform initial stress the term 8.8;,/3X; further vanishes in these equations.

The case of variable permeability. In many problems where the pores are
very small or exhibit strong anisotropy the variation of the porosity cannot be
assumed small in the mathematical sense. In this case the tensor r;; must be
made dependent on the deformation and local rotation and the equations become
nonlinear. It is convenient in this case to write the flow-rate equation (4.24) by
using the permeability tensor k,-,- .

(5.10) (AY — X)) = mb..

ua

The values of k.; are those at the displaced point and they are referred to un-
rotated axes. By analogy with equation (2.18) for the stress we may write it

(5.11) ki = Ki; + K0, + K04,
where K;; is the permeability referred to locally rotated axes. We have already
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discussed earlier the dependence of K;; on the strain tensor [9], [10]. For example
if the initial permeability is isotropic

(5.12) K. = Ks,;.

The permeability after deformation may be written
(5.13) Ki; = 2B,()es; + 8:iB:(e),
where 8,(e) and 8.(e) are functions of ¢, such that
{5.14) B:(0) = K.

A realistic expression for the permeability is obtained by inserting the condition
that for a eritical change of volume ¢ = e, the porosity vanishes and K,; drops
to zero. This is obtained by choosing the functions 8,(e} and B.(¢) such that

(5.15) Bile.) = Bale) = 0.

Simple functions for 8, and 8, should be adequate to approximate the empirical
data.

Strictly speaking, the permeability should depend also on the fluid content.
For example, in equations (5.13) we may write

B = Bile, ),
Bz = Bule, §),

where 3,8, are now functions of ¢ and ¢.

Tt is, of course, possible to write more general functional relations of this type
by applying general theorems of tensor invariance. However it is doubtful
whether such additional complications are required in actual applications.

(5.16)

Instantaneous rate equations. As a particular case of the previous results
it is of interest to derive equations which govern the instantaneous time deriva-
tives of the variables at a fixed point z; . This is readily obtained by dividing
the equations for incremental variables by the time interval Af. Since the equa-
tions are all linear in the increments the variables tend toward the time deriva-
tives when Af tends to zero. For example, we write

(5.17) lim (u,/A8) = v,
where v, is the velocity of the solid at point z; . We also put
].im (S;,'/At) = 8.;,',

. 90X,
lim (AX,/AD = (951,',- Uiy
. d .
lim (Ap/Af) = T (o),
(5.18) )
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aw;
8y = —(633, + ¢9x>

v, av-)
o= 1% 9
al 2(ax,- ox./)’
8 = 8;;0;.

With these definitions the limiting equations (5.3) are

(os0) =

0 oz,
(5-19) 5:; (51‘:‘ + 06 + oxi i — Uikski) + p - ; + X 3:1:

ox;
The initial stress S;; is now replaced by o;; the instantaneous stress value at
point z; and time ¢. Similarly the stress-strain relations (3.23) may be written
in terms of time derivatives. We put

lim (/a0 = - 2 (o) = 3,
(5.20) ’
. 1D0pP
lim (Ay¢/Af) = o i

Equations (3.23) become
8 = B‘:;gm + M"ia)

(5.21)
Dp
i = M.;&; + Ms.
In these equations P is the fluid pressure field at time ¢, The operator
D 6
(5.22) Di " o +

is the time derivative at a point attached to the solid.

With rate variables at point z; Darcy’s law is the same as equations (4.9) in
which we write z; instead of & . Using the permeability k,; instead of r;; the
equation is written

. (oP, aV) .
(5.23) ki < + oo ;.

A rate equation is also immediately derived from equation (5.11) for the per-
meability <.e.

Dhy; _
Dt

where X,; is the rate of change of the permeability referred to locally transported
and rotating axes. The value of X;; may be put equal to a linear function of
& and 3 .e.

(5.25) \,K:,',- = G‘:,'S“,, + H.‘,‘%

(524:) qu + kmnw- + kwﬂlm
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The interest of the rate equations lie in the fact that in principle they
are applicable to finite deformations.

6. Variational and thermodynamic principles. The possibility of expressing
the fundamental equations by means of a variational prineiple is of considerable
importance for a number of reasons. It is of course useful in deriving approxi-
maite solutions by the use of generalized coordinates. Another important applica-
tion of variational principles is the formulation of the equations in curvilinear
coordinates without having to use the particular methods of the tensor calculus.
In addition the variational principle brings the theory within the fold of the
general thermodynamics of irreversible processes as formulated by this writer.
Such a. variational principle is readily obtained in this case by a straightfor-
ward generalization of the similar principle derived earlier by the writer for the
continuum under initial stress [3], [4], [5]. We put

(6.1) A = (b6 + prAYE) + SiiF — pXauil
with
(62) T = %(eiuwni + eiuwui) + %wiuwin

The variational principle is

BfffVA'OdV-i— fffvnr,.,.w,. ow; AV = ffprAX,. Sus

©3)
+ [ b — opwn, bw) ds
8
"~ with
6.4) AV = Ay — Xpu,.

The independent variables to be varied in the equation are the six components
du; and dw; .

We may verify the variation principle (6.3) by evaluating the variations.
We note that the bracketed term in expression (6.1) is a quadratic form with
symmetric coefficients. Hence the variation is written

6.4 30(ki,e:; + prAYE) = tuaeu‘ + p,AY6¢.

Furthermore inserting the value (3.12) for ¢;; we verify that

(6.5) ti;0e;; + 8:;0F:; = (8i; + Sie + Sy — Siers) '(%_‘ O

H

also
(6.6) 8(p X uil) = prXui0F + prXifou,.
Introducing relations (6.4)(6.5).and (6.6) into the variational principle (6.3)
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it is verified identically by performing the usual integrations by parts and using
the field equations (5.3).

The principle may be formulated in a more compact and significant form
which relates it to thermodynamics. We write

_¥X, U
(6-7) AX, - axi u,' - _axiaxi u,'
and put
*U )
- 1 L
(6.8) ® = fffv <A’O + 1p .07, uu; | dV.

The variational principle then becomes
69 oo+ [[[ s ow av - J[ ati ouc = o 5% ni6w) as.
v 8

This may be further simplified by introducing an operational dissipation function
(6.10) D= PN W,

The variation principle becomes

(6.11) 50 + 8D = f (Af; dus — py A n;6w,) dS.
8
In the variation the time differential operator
a
(6.12) ==

is treated as an algebraic quantity. The variational equation (6.11) brings out its
obvious relation to the principles of the nonequilibrium thermodynamics as
developed in very general form by the writer [9], [14], [15] and based on On-
sager’s relations [12], [13].

By using a generalized coordinate representation it leads to Lagrangian
equations for the stability and consolidation problem.

Application to nonlinear problems. It is worth noting that the variational
method is applicable to nonlinear problems, where the permeability is assumed
to be a function of the strain and the fluid content. This is of particular interest
in consolidation problems where drastic changes in pore size and even closing of
the pores is associated with radical changes in the consolidation process.

7. Porous medium with viscoelastic properties. We shall now consider a
medium with viscoelastic properties under initial stress. In this case the initial
stress may or may not be associated with a steady deformation rate. A strict
application of linear thermodynamics to this case requires that the medium be
initially at rest and in thermostatic equilibrium in the initial state of stress.
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However, the results which are derived here are still approximately valid when
the initial state is one of steady flow provided the total deformations remain
small during the time interval considered.

The thermodynamics of irreversible processes as formulated by the writer is
applicable to perturbation around a state of initial stress, and it was shown that
8 viscoelastic correspondence may be used to derive the relations between the
incremental stresses and the strain. This is done by substituting operators in the
elastic stress-strain relations. As pointed out in an earlier paper [16] use of the
thermodynamic operators under initial stress is permissible in stress-strain
relations which involve the components #;; . Hence the stress-strain relations
become

= " 7
(7‘1) tii - Cuelw + Mu?’
of AY = Miieh' + Mﬁ'-

The 28 operators in these equations constitute a symmetric matrix and the
thermodynamic principles show that they are of the general form

Apv ® C'::(T) uv iy
7.2) O =p [ A7 dr+ O+ O
with similar expressions for M,; and M. The coefficients also satisfy certain
conditions of positiveness which are the same as in the initially unstressed
medium and are discussed in more detail in earlier publications.

All other equations derived in the previous section remain the same, and all
results are immediately extended to the viscoelastic medium by substituting the
operators in place of the elastic coefficients. This generalization applies to the
variational prineiple by introducing an operational expression for 3. The principle
becomes

(1.3) 56 + oD = f f (Af: dus — py AUn; dwy) dS,
8

where @ is obtained by substituting operators for the elastic coefficients in
-expression (6.8).

The nonlinear problems of variable permeability may also be solved for the
.case of viscoelasticity by application of the variational principle.

Real characteristic exponents. In stability problems the characteristic
.equation must be solved for p. For each root p there is a mode where all deforma-
tions are proportional to exp (pf). From thermodynamic principles it was pointed
.out [14] that all roots p must be real. This will be the case if all operators obey
the thermodynamic restrictions. In this case only real values of p are obtained.

Special case of a viscoelastic medium isotropic in finite strain. Of particular
‘interest is that of a medium which is isotropic in finite strain for infinitely slow
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deformations. Let us assume that for slow deformations it behaves as a purely
elastic isothermal system. In the state of initial stress it acquires an orthotropic
symmetry whose axes coincides with the prineipal directions of the initial stress.
The operational stress-strain relations in this case are formally identical with
equations (3.24) and are obtained by substituting operators for the elastic co-
efficients. However, in this case, because of the finite isotropy of the medium the
coeflicients @, , Q. , @ acquire a special form. For example

©

7.4 Q= [ T 0 dr + @+ 9.

For slow deformation (p = 0) this operator reduces to the coefficient @, . The
latter must coincide with the values (3.28) already derived for finite isotropy 7.e.

2 2
(7-5) Ql = %(Szz - Sss) A F >\3'

A2 — A;

The other two values @, , @ are also given by equations (3.28). The initial
extension ratios A, , A, , A\; and initial stress values S;; , Ss: , Sss in these ex-
pressions are those associated with infinitely slow quasi-static finite strain.

APPENDIX

In this appendix we shall briefly outline two areas of application which do not
strictly belong to the main subject of this paper but are closely related to it.

One of these applications is the theory of Thermoelasticity of a continuum
under initial stress. The other is the dynamics and acoustic propagation theory
for a porous medium under initial stress. Since these developments are of interest
in related fields and are immediately derived from the present paper the main
results will be summarily sketched. They will be discussed in more detail in
separate publications.

Thermoelasticity under initial stress. This time we are dealing with a true
continuum under initial stress in thermodynamic equilibrium. The perturbation
from this initial state is represented by incremental stresses and an increment
of local temperature 6 above the initial uniform level 7', . The analogy between
thermoelasticity and the mechanics of porous medium developed earlier [17] for
the initially stress-free case may be applied to the case of a medium under initial
stress. The analogy applies to the case of a porous medium saturated with a
weightless fluid initially of uniform density. In this case the value of ¢ and
or AY become

ow;
A.D = =30
pAY = py.

In the analogy the entropy density is represented by ¢ and the incremental
temperature by p; . The entropy displacement is represented by w; . The field
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equations are obtained by putting p, = 0 in equations (5.6) and (5.9).
The tensor #r;; now represents \;; T, where \;; is the thermal resistivity. With
this analogy all equations derived for the porous medium are valid including the
variational principle. This analogy is a consequence of the universal character
of noneqilibrium thermodynamics whose general formulation covers both phe-
nomena.

The analogy also applies to acoustic propagation in a thermoelastic continuum
under initial stress by using the results outlined in the following paragraph for
the dynamics of a porous medium.

Acoustic propagation in a porous medium under initial stress. Adding the
inertia terms leads immediately to the equations which govern the dynamies of
porous media under initial stress. Following the procedure developed in a recent
paper [18] the equilibrium equations (2.23) are replaced by

8" w;
(A.2) 5(9; (Si,' + Sw@ -+ Slcj(’-’ik - Sikeki) + PAXi -+ X.'AP P o at i + Py u;
The flow rate equation (4.24) becomes

du;
L ax o 6t HRCET
where ¥; is the viscodynamic symmetric tensor operator introduced and dis-
cussed in detail in the quoted paper [18]. The variational principle as generalized
from equation (7.3) is expressed by

(A.3) Ay — Xu;) =

(A4) 56 + 5 = f (Of; Sus — py A moows) dS,
S
where
(A.5) 3= 3 fff @’ puw; + P ppuw; + pYu'wiwi) av.
v

This is an operational invariant which embodies the viscodynamic properties of
the medium while @ represents the viscoelastic properties. This separation in two
basic invariants represents the essentially distinctive feature of the mechanics
of porous media.

Field equations obtained from these results govern the general phenomena of
dynamie stability and seismic propagation in porous media. Attention is called
to the possibility of including the thermoelastic dissipation of the porous medium
by the use of suitable viscoelastic operators provided we neglect the effect of the

temperature change on the fluid density and its associated coupling with the
gravity field.
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