Reprinted from JournaL oF THE FrRANKLIN InstiTUuTE, Vol. 276, No. 2, August, 1963
Printed in U, 8. A,

THEORY OF STABILITY OF MULTILAYERED CONTINUA IN
FINITE ANISOTROPIC ELASTICITY

BY
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ABSTRACT

The writer’s general equations for the mechanics of continua under initial stress
are applied to the formulation of a rigorous theory of stability of multilayered elastic
media in a state of finite initial strain. The medium is assumed incompressible. It
is either isotropic or anisotropic. The problem is analyzed in the context of the
writer’s earlier discussions showing the existence of internal and interfacial instability.
The results provide a rigorous solution of the problem of buckling of sandwich plates.
Recurrence equations are derived for the interfacial displacements. It is shown
that they are equivalent to a variational principle expressed in terms of these dis-
placements. A matrix multiplication procedure is also developed for automatic
computing of critical values when a large number of layers is involved.

1. INTRODUCTION

The theory of stability of a continuum under initial stress was de-
veloped by the writer more than twenty years ago (1, 2, 3).2 More re-
cently it was applied to problems of stability of elastic and viscoelastic
media. Stability problems have been solved and discussed for the
following cases: the isotropic homogeneous and nonhomogeneous half
space of elastic and viscoelastic properties (4, 5) the embedded layer
with elastic and viscoelastic isotropy (4, 6), and the surface instability
and the buckling of a thick slab of rubber in finite initial strain (7, 8).
The analysis was restricted to materials which retain isotropy under
initial stress for incremental plane strain. Another series of papers
introduced elastic anisotropy, whether induced by the initial finite
strain or inherent originally in the stress-free material. The phenom-
enon of internal instability implicit in the writer’s earlier paper on
wave propagation (9) was given a detailed discussion and analysis (10).
Further developments included the solutions for the problems of surface
and interfacial stability under conditions of anisotropy in finite elas-
ticity (11, 12).

These results provided the essential foundation for the treatment
of the more complex problems analyzed in the present paper. In par-
ticular, it was necessary to clarify the nature of internal instability as
well as surface and interfacial instability. This is quite analogous to the
analysis of wave propagation in layered media, where a thorough under-

1 Shell Development Company, New York, N. Y.
3 The boldface numbers in parentheses refer to the references appended to thls paper.
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129 M. A. Bror [J.F. L

standing of the behavior of body waves, Rayleigh and Stoneley waves is
essential before any sound treatment of more complex structures can be
undertaken. .

This paper analyzes the stability of an elastic medium made of a
superposition of layers of finite or infinite thickness. The medium is as-
sumed to be incompressible. The assumption of incompressibility does
not affect essentially the generality of the results and introduces con-
siderable simplification in the algebra.

The theory applies to an elastic continuum in a state of homogeneous
finite strain. The state of initial stress, which may be different in each
layer, has principal directions which are the same in all layers, one of
these being perpendicular to the layers. The material in each layer
may be orthotropic with the same planes of symmetry as the initial
stress or it may be isotropic in the original stress-free state. In the
latter case the initial stress will induce an elastic anisotropy with the
same planes of symmetry. The incremental elastic coefficients for the
case of a medium isotropic in finite strain were derived recently (10, 13).

Some basic results derived in previous work are briefly outlined in
Section 2. They refer to general solutions for the anisotropic medium
under initial stress and a discussion of the elastic coefficients for lami-
nated materials and for an elastic continuum which is isotropic in
finite strain.

These results are applied in Section 3 to a single anisotropic plate
under initial stress. Equations are derived for the surface displace-
ments under normal and tangential forces. Limiting cases are dis-
cussed in Section 4. These include the case of infinite thickness and
the classical degenerate case of an isotropic medium with vanishing
initial stress.

The multilayered system is treated in Section 5. The results for
the single plate are used to derive a general formulation of the stability
equations for multilayered media. Recurrence and matrix equations
are obtained which are well suited for numerical solution with automatic
computers. The matrix multiplication procedure is suggested by a
method proposed by Haskell for the analogous case of wave propagation.
The recurrence equations also lead to a variational principle expressed
in terms of interfacial displacements as arbitrary variables.

2. FUNDAMENTAL EQUATIONS AND GENERAL SOLUTIONS

Consider the two-dimensional deformation of an anisotropic con-
tinuum under initial stress. The deformation is in the x, y plane and
the initial stress is a uniform compression P parallel with the x direction.
Earlier work has shown that the incremental stresses si1, 29, 512 satisfy
the equilibrium conditions
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where # and v are the components of displacement. The incremental
stress components are referred to rotated axes.

The general equations (Al) for plane strain are written out in the
Appendix. Equations 1 are obtained by putting

X=Y=0
522=512=0 (3)
Sl1=—”P

in Egs. (Al).

A principal stress S;; may or may not be present in a direction
perpendicular to the x, y plane. This component of the initial stress
may be disregarded since it does not appear explicitly in the plane
strain theory.

The medium is assumed to be incompressible and orthotropic with
the directions of symmetry parallel with the coordinate axes. For an
elastic medium the incremental stress-strain relations are

s11 — § = 2Ne,,
S99 — § = ZNeyy (4)
S10 = ZQezy.
The left-hand side of these equations represents the incremental stress

deviator in two dimensions. It is not the same as the three-dimensional
deviator. The strain components are

du dv 1/dv | du
(2% ——-('9; Cyy _;:)') €zy _5(5}14_6—3!). (5)
The condition of incompressibility must be added :
rs + €y, = 0. (6)

The stress-strain relations (4) have been written with elastic coeffi-
cients N and Q. The case of an orthotropic viscoelastic medium is
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formally identical with the elastic case. By the correspondence prin-
ciple introduced by this writer the elastic coefficients are replaced by
operators V* and Q*. The algebra is the same for both cases and may
be carried out with the elastic coefficients. Results are readily extended
to the viscoelastic medium by substituting the operators in the final

..... 4o
resuis.

An important expression in the present problem is that of the incre-
mental force acting on a deformed surface which is initially a plane
perpendicular to the y axis. The force is expressed per unit initial area
before deformation. It is considered to act on the bottom half space
as shown in Fig. 1. The x and y components of this force were derived

- b
R )

BEFORE DEFORMATION

X

y A
A fy

L{W x ;L

AFTER DEFORMATION

Fic. 1. Illustration of the incremental force
components Af,, Afy.

in earlier work and may be found by applying Eqs. A2 of the Appendix.
i€y darie

Afx = (ZQ + P)ezy (7)
Af, = s + 2Ne,,.

Equations 1 and 4 may be transformed to a simpler set by introducing
a scalar ¢, since the condition of incompressibility (6) implies

_ 9%
ay

9%

ax’

8)
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With this expression, the equations reduce to a system with two un-

knowns,
as 3 |
roal oo R D)
as | @ _P)Te (o 2) 2]
ay+ax[<N Q 2)ay+<Q 2>6x2 =0
and expression (7) become
_ ¢ %
(052 -2)
A (10)
Af, = s + 2N 22
o Ixay

Eliminations of s between the two equations (9) yields

+(Q+ 2)""’—0.» (11)

(e-%)52+20v -0, 4

263’

Solutions will be sought which are sinusoidal along x.’y " Hence, let

o> = f(ly) sin Ix
s = F(ly) cos lx (12)
u = U(ly) sin Ix
v = V(ly) cos lx (13)
Af, = 7(ly) sin lx
Af, = q(ly) cos Ikx. (14)

Equation 11 becomes an ordinary differential equation. The function
f(8) satisfies the equation

f‘//// _ me/' + k2f = 0. (15)

The primes denote derivatives with respect to the argument 8 = Ily.
Let
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In previous work and also in the discussion which follows the parameter

P
¢ = 20 (17)
was considered. With this parameter, let
_2N/Q —1
e wra
f (18)
B2 = 1__§
1+ ¢
Substituting ¢ and s in the first of Egs. 9 determines F in terms of f
F=(wv-o+5)r-(o+5)s (18a)
All quantities are then expressed in terms of f, that is,
Uur=—yf
Vi=f
T
== (19)
g — r __ fre
7 2m + 1)f — f".

Let
L-0+% (20)

The physical significance of this coefficient is brought out by considering
a deformation which is a uniform shear displacement

u

ay
p = 0, (21)

The force on any plane perpendicular to the y direction is given by
Eq. 7. As a result,
Af, = La (22)
Af, = 0.

This represents a tangential shearing force Af,. The elastic coefficient
L represents a sliding rigidity on this particular plane under the existing
state of initial stress. This has been referred to as the slide modulus.
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Another coefficient is (8, 10)

M=-nN+2% (23)
4
Using these coefficients,
= 2M — L
L 24)
. (
L

(25)

where A; and \; are the finite extension ratios in x and y directions in
the state of initial stress. The slide modulus in this case is

Ao?

L=P "
P

(26)

For a compression P in the x direction A, < 1.

If, in addition to being isotropic in finite strain, the material is
incompressible and obeys the finite stress-strain relations of an idealized
rubber-type material,

P = Mo()\z - )\12)- (27)
This material remains isotropic for plane incremental strain. The

coefficients IV and Q become equal,
N = Q = (M2 + N). (28)

The coefficient uo is the shear modulus at vanishing initial stress
()\1 - )\2 = 1).

Attention is called to an important property of the parameters (17)
and (18) for such a material. They become

(= Mo
BRIV
I S Vo R
m_l—l—g“_ e (29)

P Tk .
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Hence, they are independent of the rigidity coefficient uo and are
completely determined by the magnitude of the finite initial strain.

In the case of a laminated medium composed of alternate layers of
different properties, one type of material is defined by the elastic coeffi-
cients Ly and M,. The layers of this material are of equal thickness and
under the compressive stress P;. They occupy a fraction a; of the

total thickness. Layers of another materlal of coefﬁc1ents Ly, M, are

F1G. 2. Antisymmetric (¢) and symmetric
(b) deformation of an isolated layer with an
initial compressive stress P.

sandwiched between the first and occupy a fraction a, of the total thick-
ness. They are also of equal thickness, and the compressive stress in
them is P,. Obviously,

ar +ar =1 (30)
and the total average initial stress in the composite medium is
d1P1+(¥2P2=P. (31)

The properties of this medium may be approximated by considering an
anisotropic continuum of coefficients (10)

M = M1a1 + Mzaz

L= —1— (32)
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However, there are limitations to this approximation. It is valid only
for deformations whose wave length is large enough relative to the
thickness of the layers. Combining Eqgs. 23 and 30 and the value for M
from Eq. 32, the coefficient N of the laminated medium can be derived as

N = N1a1 + Nzaz. (33)
The coefficient Q may also be derived from Egs. 20 and 32.

3. ANALYSIS OF AN ISOLATED LAYER

The next step is to consider an isolated layer of thickness 2. The
x axis is located half way between the two faces (Fig. 2). Analysis of
the most general deformation of this plate (which is sinusoidal along the
x direction) is most conveniently accomplished by superposition of two
types of deformation, one antisymmetric with respect to the x axis, as
shown in Fig. 2a, and the other symmetric with respect to the same
axis, as shown in Fig. 2b.

In the antisymmetric deformation the function f(6) is an even func-
tion of the argument 6 = ly. The solution of the differential equation
(15) which corresponds to this case is

f = C1 COSh 610 + Cz COSh 320. (34)

The constants of integration C,, C; are determined by the boundary
conditions. Let 8: and 8, denote the roots of the characteristic equation

8 — 2mp + B2 = 0. (35)

Hence,

61=\/m+\/m
,82=\/m—\/m2—k2.

At this point something should be said about the choice of these roots,
since there is a sign ambiguity involved in the definition of the square
roots. The value of 8 may be real, complex or imaginary. The follow-
ing possible cases must be considered :

(36)

1. m > 0m? — k2 > 0. Two subcases must be distinguished :

(a¢) k2 > 0. In this case both roots 8, and B, are real, and their
positive values may be chosen.
(&) k* < 0. Here the root $, is real, and the root @, is pure imagi-
nary. Again, positive values may be chosen for 8, and 8./7.
2.mE0m — k2> 0. / In this case both roots are imaginary, and
positive values are chosen for 8:/7 and 8./4.

e

()é‘ + },‘{‘ :‘ "j x&/ W
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3. m? — k? < 0, with m assuming any real value, positive, negative
or zero. In this case the roots are complex conjugates, and values for
B: and B; are chosen with positive real parts.

The two limiting cases m = 0 and m? — k2 = 0 must also be con-
sidered. The first does not give rise to any difficulty. The second case
yields double roots and is discussed in detail in Section 4.

Two of these cases, 1(b) and 2, correspond to internal buckling (10).
This can be recognized by putting 82 = — £ and writing the charac-
teristic equation (35) in the form

L4+ 22M —L)2 4+ L~ P =0. (37)

Internal buckling corresponds to the existence of one or two real
roots £ for this equation (10). Therefore, internal buckling is repre-
sented by cases for which at least one root B is imaginary. If the
parameters remain outside the range of internal buckling, the roots 81, 82
are either real or complex conjugate. In the latter case the solution (34)
remains real if the constants of integration C; and C. are also chosen to
be complex conjugates. In all other cases the solution (34) remains
real with real values of the constants.

Designate by the subscript @ the values of U, V, 7, and g relative
to the antisymmetric solution. They are functions of the argument 6
and are designated as U,(#), V.(6), 7.(f), and ¢.(f). Substituting
solution (34) for f into relations (19) determines the displacements

lU,,(ﬁ) = — CIBI Sinh 610 — C2,82 Sinh ﬁ20 (38)
IV.(6) = Cicosh 8.0 + C, cosh B3.0
and the forces
7a(6)
T = - Cl(ﬁlz + 1) COSh 610 —_ 02(622 + 1) COSh 620
) (39)
‘Z—“L~ = Ci8:(Bs + 1) sinh 810 + CoB2(B: + 1) sinh Baf.
In deriving these expressions use has been made of the relation
B:* + B = 2m. (40)

Next, write the values of these quantities at the upper face of the layer,
that is, for

b=+~ =9. (41
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For simplicity, the variables at this point are designated by

Us, = Ud(y)
Ve = Valv)
To = Ta(’Y)
do = ¢a(¥)-

Their expressions are given by the following equations,

Ud = — C1B1sinh By — C,B: sinh Bay
VJd = C,cosh Byy + C, cosh By

= — (8% cosh Bry — C:B8:2 cosh By — Vil

1 $
1 22332 Mag : L

Ta
L
4
L

inh Bl'v + CgBl sinh Bg’y) - Ual,

(42)

(43)

Solving the first two equations for C; and C, and substituting in the

last two give

l

Ci = — m (Ua + V.B8: tanh 627)
l
C, = m (U, + V.B: tanh B1y)
and
lTia = alan + a’lZVa
e _ U, 14
L= 012Us + @95V
Let
LB — B2
11 = %Aa
A,
Q13 = ﬁn@zx: —1
2 R.2
as2 = B1f: @—l—Ajiz tanh Byy tanh By
and
As = ﬂl tanh 62’)’ -_ ,32 tanh 31"/
A, = 61 tanh 61"7 — 62 tanh ﬁg"y’.

(44)

(45)

(46)

(47)
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It is also convenient to write these expressions in a more compact form
by letting

X1 = 61 tanh ny
xs = (8, tanh Boy. (48)
This gives
2 2
gy = P2 B
X1 — X2
2 —
gy = B2+ Dra = B2+ D (49)
X1 — X2
2 2
0y = BT BT
X1 — X2

The displacements and stresses on the bottom side of the layer, ob-

tained by substituting # = — v into relations (38) and (39), are
U a(— 'Y) =-U,
Vil— ) =V,
(= (50)
Ta(”" 7) = Ta
(=) = — ¢a

By a similar procedure the solution is obtained for the symmetric
deformation illustrated in Fig. 2b. In this case the function f(8) is odd,
that is,

f(@) = Cisinh 510 + C, sinh B.0. (51)

The variables for this case are designated by the subscript s. They are
U.(8), V.(8), 7.(0), ¢.(6). Their values at the upper face of the layer
are denoted by

Us('}’) = U,
VS('Y) = Vs
52
() = 52)
g.(v) = ¢.
For this case we derive
Z}f = buU, + buV,
(53)
gs

lz = bl2Us + b22Vs
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with
2 __ Q.2
bu = 61—6'2— tanh 617 tanh 62’)’
A,
bie = Bufa — 1 (54)
2 Q.2
b22 = ﬂxﬁz g‘lTséi

Values of the variables on the bottom side of the layer are

Us(_ 7) = US
Vs(_ 'Y) = - Vs

5
== )
q&(_ 7) = s

Next, superpose the two solutions obtained above. Denote by U;, V3,

71, ¢1, the values of the variables at the top of the layer and by U,, V,,

72, g2 the values of the same variables on the bottom side (Fig. 2).
For the top side, write

U= U+ U, Vi= V.47,

56
Ty = 7o+ 7, q1=ga+981 ( )
and for the bottom side,

U2=—‘Ua+Us V2=Va_Vs
57
Ty = Tg — T4 g: = — ¢a + ¢ (57)

Then,

Ua=%(U1""U2) Us=%(U1+U2) (58)

Va = %(V1 + Vz) Vs = %(Vl - Vz).

Substituting these values in expressions (45) and (53), the values of
Ta, gay Ts, ¢s are obtained in terms of the top and bottom displacements.
Finally, introducing these values into Eqgs. 56 and 57 gives

T1 Al Az '—A4 As U1
gx A, A, —As As V.
= ]L .
" A A, -4, A || U, 59

g2 —As —As A, —A4, Vs
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There are six distinct coefficients in this matrix expressed in terms of the
six coefficients (49) and (54). They are

Aqr = 3(au + bu) Ay = 3(@n — bn)
A2 = %(0112 + bm) A5 = %(am - bu) (60)
A; = %(022 + bzz) As = %(azz — bzz).

A more convenient way to write Eq. 59 is to introduce an invariant
which represents a quantity proportional to the potential energy. Let

I =a1nUs?+ 20:,UVe + 012Ve2 + b1, U2 + 200UV, + bay V2. (61)
Substituting Egs. 58 into Eq. 61 gives

I=34:(U2+ U?) — AUU, + 345(V2 + Va2) + AV Vs
+ A (UrVy — U, Vs) + As(UiVe — UsVy). (62)

Equations 59 are then written

ol a7
Tl——lLaUl Tg———lLé‘[—]—;

al al (63)
gl:le g2=_lL5T/:2

4. SOME LIMITING CASES

In this section some particular cases of special interest will be
examined.

An obvious simplification should result by considering the layer
thickness to be infinite. This should yield the solution for the half
space. (11) In order to retain its physical significance, the solution must
be such that internal buckling is excluded. This corresponds to cases
1(a) and 3 discussed in Section 3, and the roots 8 and B; are real and
positive or complex conjugate with positive real parts.

Since

v = 3k, (64)
assuming an infinite thickness amounts to setting

Y = . (65)
The same limiting case is also obtained for a finite thickness when

l = o, (66)

that is, when the wave length becomes very small. Either case results,
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of course, from the geometric interpretation of the parameter v as pro-
portional to the ratio of the thickness to the wave length.
Taking into account the positive signs of the real parts in the values

of By and B,

lim tanh Byy = 1
””“’ (67)
lim tanh By = 1.

=0
Hence, the limiting values of the coefficients (Eqgs. 49 and 54) are
a1 = by = B1 + B

Q12 = by = B1B8: — 1 (68)
G2y = byy = ,8162(61 + 62)

The coefficients (Eqgs. 60) become

A =an
Ay = a1s (69)
As = ao
and '
A=Ay = A, = 0. (70)

Reference to Eq. 59 shows that the top and bottom sides of the plate
are now decoupled.
The roots B8: and B8, do not have to be evaluated separately. Because
a sign has been chosen for the roots, it is possible to write without
ambiguity
BiB: = k 1)
By 4 B = V2(m + k).

The relation between surface forces and displacement at the top of the
infinitely thick layer becomes

l% = anlU 4+ a,V
(72)

l_gi = a1.U + as, 7V,

with the values of Egs. 68 for the coefficients. This result coincides
with one obtained earlier by the author (11) for the lower half space.
Similar expressions are obtained for the upper half space simply by
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reversing the sign of @; and @,.. This is readily seen by using the last
two equations of the matrix equation (59).
It is convenient to express Egs. 72 for the lower half space by using
the invariant
I, = %0/11[]2 + aleV + %anV?. (73)

In this expression the coefficients a,; are given by Egs. 68 and 71.
They depend only on the elastic coefficients and the initial stress in
the medium, and are independent of the wave length. Equations 72

may then be written

e
al, (74)
g =1L v
Similarly for the upper half space, the invariant,
I, = 10,02 — 0, UV + $a,, 72 (75)

is introduced. Relations between surface forces and displacements for
the upper half space are written as

al,
T = lL 5-[7
(76)
) 8
7= v

Another limiting case is obtained when the characteristic equation
(35) has a double root. This is obtained when

. 1 n
m2 — k2 = (. N

The double root is
B =B = Vm = . (78)

Exclusion of internal buckling in this case requires that m be positive.
When B; = B8,, the coefficients a;; and b;; in Eqs. 46 and 54 become
undetermined, and their true limiting value must be found. To do
this, let

Br=PB e

Br=B— ¢ 79

and expand the hyperbolic functions of expressions (46) and (54) to
Afinr ansmanlladinna ~f ~Anmrimann notaea

£t izl e S
lllSt oLuces i1 e, ﬂlLCl CafiCe11ations o1 COmmon 1aCiois u.l. nuiiier (1

and denominator, the limiting values are derived by putting e =

']
=t

oC

.-
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For the antisymmetric case,

o 48 cosh? By
17 sinh 28y + 287
_ B?sinh 28y — 28y _
G = 8y 28y (80)
443 sinh? By

@22 = Gnh 28y + 287

In the symmetric case the limiting values are

b = 48 sinh? By
17 sinh 28y — 28y
_ P*sinh 28y + 28y
= Gnh 28y — %y (81)
48® cosh? By

b = sinh 28y — 28y’
Condition 77 for the existence of double roots may be written
P2
4N(N — Q) + e 0. (82)
It is interesting to note that it cannot occur for N > Q. The particular
case

N=Q P=0 (83)

represents the classical case of an isotropic medium free of initial stress.
The characteristic roots in this case degenerate into the values

61‘_—62:3:1- (84)

Substituting 8 = 1 into Egs. 80 and 81, the coefficients for the anti-
symmetric case become

P 4 cosh? ¥y
' sinh 2y + 2y
_ 4y
10 = T R 2y F 2y (85)
4 sinh? vy

@22 = Gnh 2y + 27
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and for the symmetric case

by — 4 sinh? v
'™ sinh 29 — 2v
. B 4y
bu = sinh 2y — 2y (86)
bae = 4 cosh? y
7 sinh 2y — 2

These coefficients are identical with those obtained by solving directly
the classical problem of the isotropic and incompressible elastic plate
without initial stress. The basic equations for this classical case are,
of course, derived immediately by putting NV = Q and P = 0 into
Egs. 9, 10, and 11. It is seen that the latter degenerates into the well-
known biharmonic equation.

5. GENERAL EQUATIONS FOR THE STABILITY OF MULTILAYERED SYSTEMS

The previous results make it possible to obtain very simply and in a
systematic way the stability equations for a system of superposed layers
under initial stress. In the preceding section it was assumed that the
state of initial stress in the x, ¥ plane is reduced to a single principal
stress component .S;; = — P acting in a direction parallel with the
layer. In order to deal with more general problems, such as the case
of layers embedded in an infinite medium, the case where the initial
stress includes a principal component .S,, acting perpendicularly to the
layer (Fig. 3) must be examined.

22

Frc. 3. State of initial stress in a layer when
an initial component Ss, is present.

As will now be shown, all expressions obtained in the previous
section are valid for this case, provided P is defined as

P = 522 - Sn- (87)

With this definition for P, the equilibrium equations (1) are obviously
valid as can be seen by applying the more general equations (A1) of the
Appendix. '
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Equations 63 also remain valid when P is given the value in Eq. 87.
However, the physical significance of 7 and ¢ must be given a new inter-
pretation. This can be seen as follows.

The incremental forces given by Egs. A2 in the Appendix are

Afm = 8193 — 5220) - Slle:cy

88
Afy = S32 + Si2600 ( )
This may be written
0
Afz = S12 + Pezy - S225§
(89)
Af, = 530+ S du
y 22 22 o
where P = Ss; — Su1.
The terms
A/f:p = §1» + Pezy = (ZQ + -P)ea:y (90)

A’f, = 595 = s + 2Ne,,

coincide with expressions (7), except that P is now the difference
(Eq. 87) of the principal stresses. Equations 89 show that A’f, and
A’f, are the incremental stress components along directions which are
tangent and normal to the deformed surface. Note that these stresses
are now referred to unit areas after deformation.

It is concluded that Eqs. 45, 53 and 63 are valid in the more general
case where Sy # 0, provided 7 and ¢ are interpreted as representing

A'f, = rsinlx

91
A’f, = g cos lx. D

Consider now a system of superposed layers with perfect adherence
along parallel interfaces and embedded between two semi-infinite media

F16.4. Superposed layers embedded between
two semi-infinite media.
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(Fig. 4). The y axis is oriented normally to the layers. There are n
layers numbered from 1 to » starting at the top.

The state of initial stress is represented by a normal component S
the same for all layers. The x component Sy of the initial stress may
be different in each layer. Designate by S1,(? its value in the jtt layer.
In this layer the stress difference is

P; = S3 — Su?. (92)

The displacements of the upper face of the j** layer are denoted by
U;, V;and that of the lower face by Ujy1, Vi

The properties of the j* layer are completely defined by the in-
variant (62). Its value for the j*» layer is written

I; = 34U + Ujss?) — AdUUja + 3459V + Vi)
+ A6?ViVip + 423UV — UjaVis)
+ A (UiVipr — UiV (93)

The coefficients 417, 4,7 etc., are the values of 4, 4, etc., for the jt&
layer as defined by Eqgs. 60. They are functions of the following
parameters:

(a) The two elastic coefficients N ; and Q; of the jt layer.
(b) The stress difference P; = Sz — Suu‘? of the jtt layer.
(¢) The variable v; = 1lh; where k; is the thickness of the j** layer.

Denote by
L;=0Q;+ 3P, (94)

the slide modulus of the same layer. The stresses at the bottom of the
layer are given by Egs. 63,

Tivd = — IL; oL
U
(95)
oL
qi+1 i an+l.

The stresses at the top of the (j + 1)* layer are given by the same
Egs. 63,

ol;

Tit1 = lLjn e
U (96)
ol;

g1 = lLj Rk i

Vip
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Since the stresses A’f, and A’f, given by Eq. 91 must be continuous at an
interface, expressions (95) and (96) must be equal.

This yields
d
57— Ll LT i) = 0
s (97)
Vi (Lil; + Liilj) = 0.
2

These two recurrence equations relate six variables, namely the two
displacement components U; and V; at three successive interfaces.

At the top and bottom interfaces the equations take a special form
because of the infinite thickness of the upper and lower media. It is
necessary to introduce the previously defined invariants I; and I, for the
lower and upper half spaces as given by Egs. 73 and 75. In the present
case they are written

I, = %auUm-lz 4+ a12Uns1 Vg + %022Vn+12

98

I, = 3a/U2 — a1/ UiV 4 302" V2 (%8)

As for the other interfaces, the continuity of the stress A’f, and A'f, at

the top and bottom interfaces can be expressed, by four additional
equations:

J TN d TN
m(LlIl""LIu) =0 EY 72 (LI, + L'L) =0

5 s (99)
m—l (L,,I,, + LI;) = 0 aVn+1 (LnIn + LI;) = 0.

In Egs. 99, L’ denotes the slide modulus of the upper half space and L
the slide modulus of the lower half space.
Equations 97 and 99 constitute a system of 2(» -+ 1) homogeneous

(a) (b)

Pi Pj§ ) Fi
P o Tet——
¢ )

F16. 5. (e) Superposed layers resting on a half space and free at the top.
(b) Superposed layers free at top and bottom.

equations for the 2(n + 1) displacement variables U; and V;. The
characteristic stability equation is obtained by equating the determi-
nant of this system to zero.
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For layers resting on a semi-infinite half space and free at the top
surface (Fig. 5¢), L’ = 0. Equations 99 are then replaced by

oI, al,
3—U#1 =0 oV 0

5 5 (100)
m (LI, + LI;) =0 Vmn (LI, + LI;) =0.

If the top and bottom surfaces of the layers are both free (Fig. 58),
then L’ = L = 0 and Eqgs. 99 become

oI, oI,
3, = 0 av, = °
(101)
o, _ M _,
6I]'n-l»l B aVn+1 o ’

A further simplification of the general formalism is obtained by
introducing a single invariant which corresponds to the potential energy
of the complete system. Let :

i
The stability equations become
ag _ ag _
YA 0 v, 0. (103)

These 2(n + 1) equations include all three cases of free and embedded
layers formulated by Egs. 99, 100, and 101.

It is of interest to examine the case where the various materials obey
the finite stress-strain relations (Eq. 27) of rubber-type elasticity.
Here, a system originally stress-free is brought to an initial state of
finite homogeneous strain represented by the extension ratio A\; and A.
in the x, y plane. As shown by expressions (29), the parameters m,
k% and { are then identical for all materials. They may be expressed in
terms of a single variable, say N\?/A.2or {. The only other parameter in
the values of I; is v, which for the jt*» layer of thickness %; is written

1

vi = 3lh; (104)

If the thickness of one of the layers is chosen as reference, say %1, then

vi = (hi/h)vy (105)
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where v = $ki. Hence, the values of I; contain the variable v and
the (# — 1) thickness ratios as parameters. Finally, taking into
account Eqgs. 26 and 27, L; may be written as

L; = po\s? (106)

where po; is the stress-free modulus of the j* layer. Hence, in all
Eqgs. 103, the common factor X»? cancels out. This brings out the ratios
of the moduli wo; as another set of parameters. When these rigidity
ratios are given along with the various thickness ratios, the character-
istic equation becomes a relation between the two variables ¢ and «.
The first characterizes the initial stress and the second the wave length.
The minimum value of ¢ as a function of v yields the buckling stress and
wave length.

The preceding analysis has assumed perfect adherence. If the
layers are allowed to slip without friction at the interface, the following
condition must be satisfied,

T =0, (107)

since the tangential stresses must remain zero. The displacements U,
in this case are not continuous. However, they may be eliminated from
the equations by using condition (107) for perfect slip. This leaves a
system of equations containing only the normal displacement V; at the
slipping interface. This normal component is continuous.

A remark must be made here regarding the continuity of ¢ when such
slippage occurs. Since this value is evaluated at the displaced points
and since these points do not coincide due to slippage, the values of ¢
are not exactly continuous. However, the difference is a second order
quantity, and in a first order theory interfacial values of ¢ may be
assumed equal to each layer. The case of perfect slippage is illustrated
by an example in a forthcoming paper in this Journal.

The recurrence equations derived above contain relatively simple
coefficients and constitute a system of linear equations containing not
more than six variables at a time.

It is possible to formulate the stability problem by a different pro-
cedure which may have advantages for numerical work with digital
computers. The procedure was developed by Haskell for the formally
similar problem of wave propagation in multilayered media (14). Equa-
tions 59 may be written in the form

T1 T2
1 g
= M
U, U, (108)

v, IV,



151 M. A. Biot [J.F. L

The matrix is

B, B, LB; LB
B; B, — LBy LB,
1 1 '
M = zBs ZBg B, — B;|. (109)
1 1
T zBo sz - B, B,

The elements B, are functions only of a;; and b;;. With

A= (012 - blz)2 - ((111 e bll) (‘1'22 - b22) (110)

they are

B, = —Al—[(amg — b12?)) — (a1 + bu) (@22 — b20) ]

2
B, = A (@11b12 — @19b11)
By = 2 (tusbes — asibro)
s =3 Q13092 Q22012
1
B, = A [(@s2 + b29) (@11 — b11) — (@122 — 0127 ]
2
B, = A [@1%011 — @112 — @11b11(@22 — b22) ]
) (111)
BG == Z [— a12b12(am e b12) + alla?.?bl? - a12b11b22]
2
B: = A [@2sb22(@11 — b11) + @asbia? — @19%D22 ]
2
By = — A (@22 — b22)
2
By = — A (@12 — b12)

2
By = Z (011 - b11)-

The matrix equation (108) relates the values of the variables at two
successive interfaces. Obviously the values at the top and bottom
interfaces satisfy the equations
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T1 Ta+1
ql * gn+1

= I, 112
U, ,.E "N IUuia (112)
IV, Vst

The product II an; of the 91t; matrices for each layer is a 4 X 4

matrix. If the top and bottom faces are free, let 71 = g1 = 7.1
= ¢,41 = 0, and Eq. 112 reduces to two homogeneous equations for the
two unknowns U, and V,.1. If the layers lie over a half space, 7,11
and g,41 are replaced by their values in terms of U,.1 and V.., for the
half space and are again led to a 2 X 2 system of equations. If the
layers are embedded between two half spaces, the values of 71, ¢,
Tnt1, Qns1 are expressed in terms of Ui, Vi and Uayy, Vaga. This case
results in a system of four equations.

In using this procedure attention must be called to the case where
the wave length is sufficiently small so that the top and bottom faces
of a layer become decoupled. This happens when

Qi; = b,‘j. (113)

In this case the layer may be replaced by a half space.

The procedure and formulas proposed here for the mechanics of
layered media are quite general and are not restricted to incompressible
media or stability problems. The matrix coefficients (Egs. 111) are
given a new form which is immediately applicable to a large category
of problems, including wave propagation in anisotropic multilayered
media. The recurrence equations (103) or the matrix multiplication
process of Eqs. 112 provide a systematic way of programming the
numerical work for the solution of problems in the mechanics of layered
media when a large number of layers are involved and the use of a large
capacity digital computer is available.

A variational principle is readily obtained from Egs. 103, that is,

ég = 0. (114)

In this principle the interfacial displacement U; and V; are given arbi-
trary variations. Equation 114 is also a consequence of the physical
interpretation of g as the total incremental energy of the multilayered
system expressed in terms of the interfacial displacements.

APPENDIX

A brief outline is given here of previous results. The general equations were derived
carlier (1, 2, 3, 9). For the case of plane strain and constant body force they were briefly
rederived in a more recent paper (4). The results for this case are repeated here. The initial
stresses are denoted by Si1, Se;, Si2.  The incremental stresses referred to axes rotated by an
angle w are denoted by s11, S22, s12. They satisfy the equilibrium conditions
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9511 8512 o 9w
o +Ty_ + pYw 2512& + (St — Sze) By

aSu _ (3511 3512) 8512 _
+6x K dy +6x e,y+—®«e"—-0

ox

3892

+6y

O fi]
— pXe + 251253 + (S — Sa) 6—2

a5, N S a5
2 e — (B2 + 20 ) e + 22 =0 (AD

+ Ix ay

The strain components e, €y, €y and the rotation w are defined as in Section 2. The body
force components X and ¥ per unit mass are assumed to be constant.? The coordinate system
is chosen clockwise.

Incremental forces acting at a boundary per unit initial area (that is, per unit area as
measured in the state of initial stress) are represented by the following x and ¥ components

Afz = (511 — S + Snew - 512821,) COos (n, x)

+ (512 — Soow — Suieay + Sieezs) cos (n, )
Afy = (s12 + Snw + Sieeyy — Sasesy) cos (n, %)

+ (522 + S1ow — Slzezy + 322622) cos (ﬂ, y).

(A2)

These forces are acting on a closed contour in the x, y plane and the normal direction chosen
positive outward is designated by .
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