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1. Introduction. The linear mechanics of fluid-saturated porous media as
developed by the author was reviewed and discussed in detail in two earlier
papers [1], [2]. In its final form it is based on the linear thermodynamics of
irreversible processes. It is applicable to the most general case of anisotropy
and includes not only the basic principles of classical thermodynamics but also
the effects of coupled flows of irreversible processes. Thermoelastic dissipation
is also implicit since the heat flux is nothing but one of the internal thermo-
dynamic coordinates of the system. The solid matrix itself may be viscoelastic.
Actually the theory is even more general since it takes into account the visco-
elastic interaction of the fluid with the solid-due to the micromechanics of fluid
penetration in cracks which are much smaller than the pores. An important
concept derived from the existence of a dissipation function for the fluid is that
of “Viscodynamic operator” [2]. This is an operational symmetric tensor which
describes the frequency-dependent behavior of the fluid. The symmetric char-
acter of this tensor leads to important conclusions in the theory of acoustic
propagation.

Regarding the extension to non-linear problems a first step is constituted by
a theory which introduces the non-linear superposition of a state of initial
stress and incremental deformations [3]. This also leads to an analysis of finite
deformations based on stress-rates. In this case the deformation is considered
as a continuous sequence of incremental deformations [4]. The concepts and
methods introduced in this incremental theory lead quite naturally to the next
development which considers a description of finite deformation using material
coordinates. In particular the concept of pressure function for a porous medium
which was introduced in the theory of incremental deformations [3] provides
one of the essential means by which this extension of the theory can be accom-
plished. The mechanics of porous media is thus brought to the same level of
development of the classical theory of finite deformations in elasticity. In
order to restrict the length of the paper, the theory is presented in the context
of quasi-static and isothermal deformations.
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It should be pointed out that in order to develop a realistic theory of porous
solids, it is essential to use a material description of the deformation because
we are dealing with solid matter whose properties such as the porous structure
are transported and rotated with the material. This is in contrast with the
Eulerian or spatial description which is more suitable when dealing with isotropie
homogeneous fluids. In this connection reference should be made to recent
attempts to treat the mechanics of porous media by applying theories of inter-
acting continua which are based on a Eulerian description. In addition to
presenting basic difficulties inherent in the Eulerian description of deformation
of solids, the physical model of the theory of interacting continua lacks the
required sophistication to account for all significant and essential properties
of porous media.

2. Equilibrium equations. The deformation of the solid is described by the
transformation

2.1) & = &il(xy)

for the initial coordinates x; to the final coordinates £; . We are dealing here
with the average displacement of an element of material sufficiently large with
respect to the pore size. The average local deformation is homogeneous within a
differential element and defined by the differential relations

(2.2) dgi = Cij dx,'
where

_ 9%
(2.3) Ci; = a.’L’i

A measure of strain is
(2.4) Qij = O3 = CiiCrj «

The coefficients ¢;; represent the homogeneous transformation of a sample cube
of the solid originally of unit size. We shall refer to it as the unit sample.

The isothermal free energy W of this unit cube after deformation is a function
of the strain measure a;; and of the total mass of fluid m added in the pores
of the sample during deformation. It may also depend on the initial location z; .

(2.5) W = W(Ol”' , M, xk)'

We also define a vector whose components M, represent the total mass of
fluid which has flowed across a material area which before deformation is a
unit square perpendicular to the x; axis. It is related to m by the relation

BM,-_

2.6) m= -3
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A body force field &; per unit mass derived from a potential U(¢,) is acting on
the medium

oU
0%,
The initial mass of solid and fluid in a unit volume before deformation is denoted

by m, . The mass of this sample after deformation is m, + m. The equilibrium
equations of the field are obtained from the principle of virtual work. We write

2.8) fff SW dQ + fjf 5l(ma + m)U] dQ =

This equation must be verified for all variations of the six variables £, and M .
The variations are chosen different from zero only inside the volume € so that
boundary conditions are not involved.

2.7 ®; = —

Let us first vary £ . Equation (2.8) yields

2.9 fff [f., 5ci; + (mo + m) — 65] =0

where we have put

@.10) fo =W,

60.,

These quantities represent the nine foree components acting on the faces of the
unit sample after deformation, hence per unit initial area. Introducing the
values (2.3) for ¢;; and integrating by parts we obtain

(2.11) fff[ zi'j+( o + m) ]ag..d9=0.

Hence the equilibrium equations

2.12) P — o+ I = 0.
This condition expresses the translational equilibrium of the field f;; . Note
that because W is independent of a rigid rotation the nine components f;;
satisfy identically the three equations of equilibrium of moments of an element
of the medium.

Conditions of equilibrium of the fluid are obtained also from equation (2.8)
this time by varying M, . We derive

(2.13) [[[ @+ imaa=0

where
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=W,

(2.14) Fro

Introducing the value (2.6) of m and integrating by parts yields the fluid equi-
librium condition

g
(2.15) a—x.-('l’ +U)=0
(2.16) ¢ + U = Const.

The physical significance of ¢ is clarified as follows. We consider a large
reservoir of fluid at a pressure p, which together with the unit sample of porous
medium constitutes a single thermodynamie system. Its free energy per unit
mass of fluid injected is

oW 2. [* (1) P
2.1 =X _ P 1
( 2 Po ‘/;n P d P + P

am

where p is the fluid specific mass assumed to be a function of the fluid pressure p.
Its initial value at pressure p, is p = p, . Expression (2.17) for ¢ is the work done
isothermally on the system to extract a unit mass of fluid from the reservoir,
bring it to the pressure p and inject it in the solid at that pressure. It may be
written

2.18) v = f ip?—’-

We shall call it the “pressure function”, a term already in use for this expression
in fluid mechanies. However, as a thermodynamie variable for the mixed fluid-
solid system its present definition is in a broader context where it plays the
role of a chemical potential. Actually its application is not restricted to the
presence of actual pores. The fluid may be in solution in the solid, or may be
adsorbed. Such phenomena are usually associated with the concept of capillary
or osmotic pressures.

It is of interest to examine the particular case where the fluid content m
depends only on the pore volume and fluid density. An additional physical
interpretation of W is provided in this case. We call » the increase of pore volume
per unit initial volume of bulk material. Under the present assumption we may
write

(2.19) i = d(r'd;—l"_)

The differential of the free energy is
(2.20) dW = f.‘,’ dc,'i + ‘P dm.
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By putting
(2.21) dWw = f.',' dC,',' + vy dv
and taking into account relations (2.17) and (2.19) we find
v 4 1 po
2.22 = - d(—) - —] .
(2.22) W w+[ [pd3) -2 |+ m

This result may be interpreted as follows. Consider the system composed of
the solid matrix and a thin layer of fluid attached to the internal walls of the
pores. We may call it the wetted solid. As required for the validity of equation
(2.19) we must assume that the mass of fluid in this layer is constant. The
pressure p is then the pressure acting on the solid across the wetting fluid layer.
The term p dv represents the work done by this pressure on the wetted solid.
If the free energy of the wetted solid depends only on ¢,; and v it is represented
by W. Hence

W

f-'i = g

(2.23) i
A

P="%

Note that interfacial interactions of fluid and solid are taken into account here
provided it can be localized in a thin layer of constant composition and considered
as belonging to the solid matrix. For example the contribution of surface tension
to the rigidity of a porous solid is included quantitatively in equations (2.23).
It is well known that a large percentage of the elastic properties of porous media
may depend on surface tension effects, particularly if the pores are small so
that the total fluid solid interfacial area is large. Hence expression (2.22) for
the free energy W may be interpreted as the sum of the free energies of two
non-interacting phases. The first term W is the free energy of the wetted solid,
while the second term is the free energy of a mass m, + m of fluid brought to
the pressure p from the reservoir at the initial pressure p, . This mass of fluid
is introducted into the pores without additional work.

Green’s tensor. This form of the stress tensor may be defined as in the classical

theory of Elasticity. It is expressed by
aw
2.24 T, = 9%

using Green’s definition of strain as
(2.25) Yii = ¥ — 8:y).

Change of variables by contact transformation. In many problems it is con-
venient to use other independent variables than c,; and m. For example we may
choose ¢;; and ¢ as independent variables. This may be achieved by a classical
procedure using contact transformations. We define a function
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(2.26) F =W — my.
Its differential is
2.27) dF = dW — m dy — ¢ dm.
Substituting the value (2.20) for dW we derive
(2.28) dF = fi; deiy — m d;&.
We may express F in terms of «;; and ¢
(2.29) F = Flais, ¥)-
Equation (2.28) implies
| 95
far = 50“
(2.30) o
o
~m =

Relations, in terms of the fluid pressure p and the increase in pore volume » are
obtained by putting

(2.31) =W — pv

applying the contact transformation method to W, 7.e., to the free energy of the
solid-matrix expressed as a function of ¢;; and ». When changing the independent
variables to ¢;; and p we obtain

axe
c?c.-;

fuir =
2.32)

The last equation yields the increase in pore volume. Another contact trans-
formation could be applied with the stress components (2.24) as indepandent
variables. We introduce

(2.33) G =W — Tivi;
which we express in terms of T';; and m. In this case
09
Yii = T
(©2.34) 9T
= 9,
v = am

Other similar relations may easily be derived for any group of seven state
variables by the appropriate contact transformation.
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3. Generalized Darcy’s law. When the equilibrium condition (2.16) of the
fluid is not satisfied, the motion of the fluid relative to the solid is expressed by
Darcy’s law which for isotropic permeability is written

@1 o, = 1299

( ) n 0%,

where ; is the rate of volume flow per unit area of bulk material, £ is the
permeability coefficient, p the fluid specific mass, » the fluid viscosity. The total
potential ¢ is

(3.2) o=y¢+U

where ¢ is the pressure function (2.18) and U is the body force potential in
accordance with equation (2.7). The form (3.1) of Darcy’s law was derived by
M. King Hubbert [5] with an extensive discussion of its geometrical and physical
significance.

For anisotropic porosity, the author has shown [1] that the generalized
form of Darcy’s law is

5 £

3.3 i = —k,' B "

(3.3) b ! n 9%;
where the permeability is a symmetric tensor
(3'4) k,-,' = kii .

For a Newtonian fluid this symmetry property is a direct consequence of the
existence of the well-known dissipation function of Rayleigh. For the reader
unfamiliar with dissipation function properties, the relationship between the
symmetry property (3.4), and the existence of a dissipation function is explained
in the appendix. The author also pointed out [1], [2] that the symmetry property
(3.4) is quite general and is not restricted to pure viscous behavior. It remains
valid if we include physical-chemical interactions between the solid and the
fluid where the viscosity concept may not be applicable. In fact, it is a conse-~
quence of general principles of irreversible thermodynamies as expressed by
Onsager’s reciprocity relations. These relations are valid for a large class of
phenomena of mass and energy transport and imply the existence of a thermo-
dynamic dissipation function which is a measure of the rate of entropy produc-
tion. For our purpose of analyzing finite deformation we introduce a more
convenient form of Darey’s law (3.3) in terms of initial coordinates before
deformation. Consider an area S of the porous material before deformation.
After deformation it becomes S’. The total mass flow rate across this area is

3.5 F = [ ot deadts + v, ks i, + 0, deid ).
By transforming the variables £; to the initial coordinates z; we obtain

(3.6) F = f [ (M, dzy dzs + M day dzy + My do, dz)
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where

(3'7) M.' = p’u'),-R,-.-

and R,; is the cofactor of ¢;; in the Jacobian determinant
- 9| _

(3.8) A = det oz.| = det le;l.

The linear relations between the differentials df,; and dz, lead to the fundamental
property
(3.9) Sas _ B,

3, A
These expressions are the elements of the inverse of the matrix of A.
Expression (3.6) shows that M, represents a mass flow vector. For example
M, is the rate of mass flow through a displaced surface originally equal to unity
and perpendicular to z, axis. Hence the vector M, is the mass flow rate through
the faces of a deformed parallelipiped, initially a unit cube with faces parallel
to the axes z; . We may write

; oM,
(3.10) M; = Y
Although it is a non-Cartesian vector, it nevertheless represents a directly

measurable and physically meaningful quantity.

We now go back to Darcy’s law (3.3), by introducing it in the value (3.7)
of M, . We obtain

. ? 3o
3.11 M, = —k,, - R, 22.
3.11) im " Bui g

Taking into account relations (3.9) we may also write

(3.12) b  dpdr; 1., 3

0k, Oz; 0w A ™ 9z,
Substitution of this expression in equation (3.11) yields

- _r. ¢
(3.13) M, =—K; oz,
where
2
_ LRHRMI'_
(3.14) K. = kin y A

The symmetry property k. = k.. implies the same property for K,; , t.e.,
(315) K;,,‘ = K,‘; .
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Equation (3.13) is an intrinsic formulation of Darcy’s law governing the mass
flow through the faces of a deformed element of the material in terms of the
gradient of ¢ between parallel faces. The intrinsic permeability is now repre-
sented by the directly measurable symmetric tensor K,; . For a Newtonian
fluid the symmetry property of this intrinsic permeability may be derived as a
direct conszquence of Rayleigh’s dissipation funetion without having to use
relation (3.14). When the flow involves more general chemical physical processes
the symmetry property of K;; is a consequence of Onsager’s relations. The
intrinsic permeability is of course a function of the initial location, the deforma-
tion and the fluid mass content. Hence

(3.16) K:; = Kii(%: , apr , m).

Power dissipated. It is interesting to evaluate the power dissipated @ per
unit initial volume

. 3¢ p” 3¢ ¢
. = —W;p A = k"i T T A.
@.17) ¢ = ey, n Ok O,

Expressing these quantities in terms of d¢/dz; , taking into account (3.7) and
(3.9) we find

-, _ g, 99
(3.18) e =—-M; oz, = K,; o, 9z,
with
2
_ p 9z; dz;
(3.19) Kii = kin n 08 9k O

This coincides with the value (3.14). Expressions (8.17) and (3.18) are invar-
iants. They show that k,; and K,; are contravariant tensors which in tensor
notation are written with superscripts. We may also write

- 9% 96 Of: Of;
(3.20) ® = K., 3k, 3E, 9z, Oz
Hence comparing with (3.17)

=1 9%: Of;
3.21) by = =5 Kin g 52F

Complete set of equations for the deformation field. There are basically six
unknowns represented by the two vectors £; and M; . An important feature of
the present formulation is the holonomic character of the conservation equa-

tion (2.6). The free energy may be written as a function of the six unknowns
£, and M,

(3.22) W = W(a.-; ’ —%]5”:1 ’ Zk)'
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With f,; = 0W/dc:; , the equilibrium equations (2.12)

Ay _ ( _ 3_]‘_4_:') U _
(3.23) 6x,' my o ag‘ =0

provide three equations for the six unknowns. Three more equations are provided

by Darey’s law (3.13), 7.e.,

M, d¢p

(3.24) YR —K;; 5;;

The six equations (3.23) and (3.24) constitute a complete set with z; and ¢ as
independent variables. Another complete set of equations may be obtained
which involves only four unknowns ¢; and ¢. The function § defined by equa-
tion (2.26) is a function of c¢,; and ¢. We write the equilibrium equations (2.12)

(3.25) gf" (mo + m) 2 ag‘

with f;; and m expressed by equations (2.30) in terms of ¢,; and ¢. By applying
the divergence operation on equation (3.24), and taking into account relation

(2.6) we derive

m @ 9 )
(3.26) 9t~ 9w (K" or;
We now have a set of four equations (3.25) and (3.26) for the four unknowns
ij.- a.nd ¢‘

Extension to non-Newtonian fluids. For an isotropic fluid with non-linear
properties, the rate dependent stress is expressed in the form (see appendix)

(3.27) 0-1,'1' = a l ‘p(Il y 2 y 13)

where I! , I} , I} are the three invariants of the strain-rate tensor e/, . The func-
tion ¢ plays the role of a dissipation function. As explained in the appendix this
leads to a generalized non-linear form of Darcy’s law

aD’ 12}

aw T P,

It may be formulated in terms of the mass flow rate M, and the initial coordi-
nates z; . We write equations (3.28) in the form

aD’ 93¢ dz;

(3.28) = 0.

(3.29) oo, T Pos o = O
or

oD"og; | 9 _
(3.30) o oo T P = O
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We also derive

aD’ ot 3D’ oM, ks

(3.31) aw, oz; oM, o, 9z;

Taking into account relations (3.7) and (3.9) we obtain

BM, axz
(3.32) B0, = pRy; = ag.
Hence (3.31) becomes
oD ot _ 3D

(3'33) a’w. 8:1:,- =P m‘—;'

Substitution of this value in equation (3.30) yields

aD (i)
) —+—=0
(3 34) aM i + ax,'
where ® = AD’ is the dissipation function per unit initial volume. Equations
(3.34) represent Darcy’s law referred to initial coordinates z: . The power
dissipated per unit initial volume is

- .98 _ 45 9D
(3.35) ® M; = Mo
Direct evaluation of this dissipated power also provides a method of obtaining
Darey’s law (3.34). The dissipated power may be calculated on the basis of
expression (A.10) of the appendix.

4, Variational principles and Lagrangian equations. Variational principles
and the associated Lagrangian formulation were introduced and applied exten-
sively in the linear theory [1], [2], [3]. The same formulation may be extended
to finite deformations. We first write Darey’s law (3.24) in the form

3 )
(4-'1) ﬁ' = - A.','M i
where A;; = A;; is a “resistivity” tensor which is the inverse of K,; . Following

the procedure developed earlier [6] we write the six equations (3.23) and (4.1)
in the form of a variational scalar product as

6 [ [Gee (m -5 3] s
+ fff (ax. + ) 80, d2 = 0.
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This variational equation must be valid for arbitrary variations 8, , sM; .
The integrals are over the volume Q in the space z; of the initial state. Inte-
gration by parts of equation (4.2) yields the variational principle

(4.3) 3V 4+ ”[ AuM,; M dQ = ff‘ ot dS — fg&n,- M, dS
JJJ Js Js

Q

where

4.4) V= { [ [W + (m - ";‘i‘)U] do

is the total free energy of the system including the body force energy. The
surface integrals are extended over the boundary S of the initial volume 2.
The vector n; denotes the unit outward normal to the initial boundary, while

(4.5) fi = nifs;

is the force acting at the deformed boundary per unit initial area. Hence f; ¢,
is the virtual work of these boundary forces. The quantity n; §M; is the variation
of the outward mass flow across the deformed boundary per unit initial area.

‘We now represent the unknown fields ¢; and M ; by n generalized coordinates g, ,

§i=8(1, Q@ @y T, )
M-’ = Mi(ql7q2 te qnyxl(9t)-

With variations 8¢g; the variational principle (4.3) becomes

av oM,
aq' 6q. + fff Ath: 8 39‘ dQ = @Q; 8q

4.6)

4.7

where

4.8) o= f i g" as — | f on; & ’dS

is a generalized force at the boundary. Finally from

. M. .
4.9 M; = A g
we derive
oM, _ oM,
(4.10) 34 ~ 9q;

Hence because of the reciprocity property A;; = A;; we may write

(1D fff AuM; aM’dﬂ - f [ na, "’M’ tag = %éD:
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where D is a dissipation function

@4.12) D==x f f f AGMLM, d.

Since the variation principle (4.7) must be satisfied for arbitrary variations
dg; we derive the conditions

v

g q

They constitute the n Lagrangian equations for the n unknown generalized
coordinates g¢; .

(4.13) = Q..

Lagrangian equations and irreversible thermodynamics. The equilibrium
conditions may be written

Vv

(4.14) -a_q,— =@, .

The departure from equilibrium is measured by the ‘“‘disequilibrium force™
v

(4.15) X =0Q: — o

For a thermodynamic system whose behavior obeys Onsager’s relations when
disturbed from equilibrium the author has shown [7] that the equations of the
system are

aD
4.16) X; = 3
where D is a quadratic form in ¢; which represents the dissipated energy pro-
portional to the entropy production. While developed in the context of linear
systems the result is obviously valid for the non-linear case where V is arbitrary
and the coefficients in the quadratic form D may be functions of ¢; . Equations
(4.15) and (4.16) are identical to the Lagrangian equations (4.13).

Lagrangian equations for the case of a non-Newtonian fluid. We have shown
that Darcy’s law in this case is expressed by equation (3.34). The variational
principal (4.3) must be replaced by

@.17) aV+fff oM da = fff 6s,dS—-f one 5M, dS

where D is the dlss1pat10n function per unit initial volume of porous medium.
By proceeding as above we obtain the Lagrangian equations (4.13) where the
dissipation function is now

4.18) D= fff D dQ.
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Note that D is a function of a,; , m, and M; .

5. Isotropy and second order theory. We consider the case of isotropic bulk
properties of the porous medium. This case may be formulated by considering
the three invariants

Il = ay + oz + as ’

laz 0!23' ' lOl:s:_x 0531' Iau Ollzl

(5.1 I = 4 + ;
Qlzg  (ag Q13 O Qop Qo
I, = det |ou;l.
The free energy in this case is a function of I, , I, , I; and m,
(5.2) W =wd,,6l., I, m.

The functional dependence of the permeability on the deformation is also
restricted by the condition of isotropy. The intrinsic permeability is expressed as

8[1 aL_, al,

Oa;;

(5.3) Ky =Figt+Fgt+F

3 . = 1) A N Atn +hat
where F, , F, , F, are functions of the three invariants (5.1) and m. Note that

when K;; has the value (5.3) the expression K;;a.; is an invariant. Since «,; is
covariant, expression (5.3) for K;; has the correct contravariant property and

ashova tha tranaformation lawa agq 2 15) That it panregenta ot
OOCYS Une same Transiormation 1aws as (o. 1u; That 1t represents an »auuuyuz

property can be seen by referring a,; to its principal directions in which case (5.3)
takes the form

(5.4) Ky = flour y ozp + sz, anetzs , m)
and two others obtained by cyclic permutation.

The medium has been assumed statistically homogeneous, but of course this
ig not required since W and K;; may also be functions of x; . We shall consider
in particular the second theory where

(5.5) £ =z + uy

and w, is a first order displacement. According to equation (2.25) Green’s strain
tensor is

_ 1 {ou au, du, %).
(5-6) Yy < + + o, 9%,

The free energy for an isotropic medium may be written
(6.7 W =W(,3,3%,m)

where 3, , 3, , J; are the invariants obtained from expressions (5.1) replacing
a;; by v.; . In a second order theory the relations
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oW
5.9) 9
oW
Y= om

must contain all first and second order terms in (éu,/dx;) and m. This requires
W to be of the general form

(5.9) W = C,3 + Cu3, + Cs3 + Cu58,3, + Cs35 + Com® + Comd’
+ C8m + Cgfﬁm -+ 0'1031""1/2 + Ci3m

where C, , C; , ete. are constants. Hence the free energy is defined by eleven
constants in this case. That eleven constants are required to define second order
elastic properties of a porous medium was already derived earlier by the author
[1]. Putting m = 0 yields the five coefficients of the classical second order
elasticity theory.

A second order theory also requires the functional dependence of the perme-
ability to be expressed to the first order. From equation (5.3) we derive

(5.10) K;; = Ké;; + 2B:ei; + (Boeix 8ux + Bsm) 8,
where 8, , 8. and 8, are constants and

1 6u.,~ %
(5.11) €;; = 2(5(;}: 4+ ax')

is the first order strain.

6. Viscoelastic behavior. In addition to the dissipation represented by
Darcy’s law, there is another contribution due to the dissipation in the fluid
by the rate of deformation of the solid. It is generally much smaller than the
former. However while remaining small it may become dominant when Darcy’s
flow is negligible or disappears. This will be the case for nearly homogeneous
deformations with small gradients of the potential ¢. There are also special
frequencies in wave propagation where this happens. It is important to note
that this additional dissipation is uncoupled from Darey’s law so that the two
effects may be evaluated independently. This can be seen by evaluating the
combined dissipation in the fluid. The cross product terms disappear because
of symmetry considerations since they are products of the vector w; and the
strain rate tensor e/; . We must assume of course a fluid of linear viscosity.
The property may also be considered as a consequence of Curie’s theorem.
However the conclusion is not valid if the fluid is non-Newtonian with strong
non-linearity.

Essentially what is involved here is a behavior analogous to a non-linear
viscoelastic solid. This will be rigorously the ease if m = 0, 7.e., if the fluid content
of the pores does not change, as would be obtained for sealed pores. However
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The last equations are linear differential equations for ¢, . If a;; and m are given
funections of time, the expressions

(6.7) @; = ‘—A.,' —_ B,'
are known functions of time. The last of equations (6.6) may then be solved

for q; . The solution is
(6.8) q,' = eé,‘j@j

where £;; is the integral operator defined as

t
(6.9) E cy f exp \.(t — d)a; di’.
. U

The relaxation constants A, are non-negative. The solution (6.8) was derived
by the author for linear irreversible thermodynamics in the context of visco-
elagticity [8] and of heat conduction [6]. The non-negative character of A, is a
consequence of the fact that a;; and b;; are symmetric and define respectively
non-negative and positive-definite forms.

By substituting the value (6.8) for ¢, into equations (6.6) we obtain expressions
for f;; and ¢ as relaxation functionals of ¢;; and m. The particular interest of
this result lies in the fact that the experimental non-linear behavior of porous
and viscoelastic media tends to follow expressions (6.6).

In many cases an adequate description of the material is obtained by putting

(6.10) o = == =0

Hence
— oW, dD, A, .
(6.11) fu = acs; + 9. * 2., £a@ ,
aW, , ¢4
V= m T am S

The term 8D,/d¢;; represents a viscous resistance while the terms containing
£, @, represent a relaxation. They are simply superposed, as additional terms,
upon the static equilibrium stress-strain relations

oW,
fo = L

(6.12) i
_ oW,

V= am

Note that the second of equations (6.11) implies a relaxation of ¢, hence of the
fluid pressure due to a deformation or a change in fluid content. Physically
this corresponds to a delayed penetration of the fluid into very small micropores
or cracks. Also this may be associated with a squeezing effect of the viscous
fluid in thin interstitial gaps between grains. These effects were pointed out
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and discussed earlier in the linear context [1], [2]. For small strain and small
values of the volumetric fluid content ¢ (¢ = m/p, , po = initial fluid density)
the equations may be linearized to the form

= A‘i‘;’euv + M-’if

(6.13)
p = Me,; + M¢

where 7 is the stress and p is the increment of fluid pressure. The operators
A" = Al are defined by

187 d

.14 A% = f 3 A" exp I — O] d. + A% + A S

The operators M,; and I are given by similar expressions. Equations (6.13)
coincide with those derived from the linear thermodynamic theory of porous
media [1], [2]. This linear theory includes not only the effect of the fluid viscosity
but also the viscoelastic properties of the solid matrix itself. Note that ex-
pressions (6.6) for finite deformations are also applicable to a viscoelastic solid
if we assume that the internal degrees of freedom satisfy linear thermodynamies.

As already stated for a Newtonian fluid, the dissipation involved in this
viscous relaxation effects expressed by equations (6.6) are not coupled to Darcy’s
law. It is therefore possible to include these effects in the general analysis of
the deformation field by using the values (6.6) for f,; and ¢ into the equilibrium
equations (3.23) and in Darcy’s law (3.24).

7. Simplified equations for cylindrical and spherical symmetry. The preced-
ing general analysis uses the metric tensor (2.4) which constitutes one way to
express the property that the free energy is rotation-independent. In practice
this causes many difficulties. However, the use of the metric tensor may be
avoided when local rotation is absent from the deformation field. This leads
to drastic simplification without loss of rigor. We shall consider two such cases
with axial and spherical symmetry. The first case assumes an axis of symmetry
z with a radial coordinate r in the plane perpendicular to z. The deformation is
defined by a radial horizontal displacement %(r, {) function only of r and the
time ¢t. Hence the deformation is the same in all horizontal planes. We also
assume that the body force is negligible. The finite principal strains in the
radial and circumferential directions are respectively

7.1

U
€ = —°
r

The corresponding principal stresses 7, and 7, are defined as the forces per unit
initial area. The principle of virtual work is written
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(7.2) f (7'1 661 + T2 662)7’ dr = 0

which must be true for arbitrary variations éu. We choose variations du which
are different from zero only within the limits of integration. Substituting the
values (7.1) for ¢; and ¢, and integrating by parts yields the equilibrium condition
for the stress field

9, m =T _
(7.3) O + ; = 0.
Let the medium be isotropic. The free energy per unit initial volume is of the
- form

(7.4) W=W(J,,dJ:,m)

with

(7.5) Jisate,
Jz = €€

as required by the assumption of isotropy. The stresses and the pressure function
are
oW oW oW
T % "ol T e

W W ow

(7.6) 12—5;—5‘71‘-{-616—!7;,
114
Y= om

The generalized Darey’s law takes the form
- _g9%
7.7) M= —-K I

where M is the total mass of fluid which has flowed through an area initially
equal to unity and perpendicular to the radial direction. Conservation of mass
is expressed by

19

(7.8) m = —;b—r(rM).

The intrinsic permeability K is a function of ¢, , €, and m.
(7-9) K = K(Gl s €z 4 m).

Substitution of the values (7.6) and (7.8) into the equation of equilibrium (7.3)
and Darcy’s law (7.7) yields two equations for the unknowns « and M. The
Lagrangian equations are obtained by writing 4 and M in terms of the generalized
coordinates ¢; .
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(7.10) u=ugi,q " g, b,
M=Mg,q- - ¢g,n?.

We consider a system within initial e¢ylindrical boundaries at r = ¢ and r = b.
The values of ¥, D and Q; to be used in the Lagrangian equations (4.13) are

b
v =f Wr dr,
(7.11) - —f M
Gub _ aM,,
Q bTb q a7, aq' + 'l/a aQ9

The subscripts indicate the values of the varlables at the boundaries. For
example 7, is the value of 7, at r = a.

A similar analysis is valid for the case of spherical symmetry. In this case
u denotes the radial displacement at the distance r from the origin. It is a func-
tion only of » and the time ¢. The principal stresses per unit initial area are
T along rand 7, = 75 in a plane tangent to the spherical surface centered at the
ongln The corresponding principal strains are ¢ and e; = ¢ and are given
in terms of r by the same expressions (7.1). The principle of virtual work yields

(7.12) f(‘l'l 651 _I‘ 21'2 562)7‘2 d’l‘ = 0.

We derive the equilibrium condition for the stress

Q(% + 2(r — 72)
r T

(7.13) = 0.

For an isotropic material the free energy is
(7.14) W =W(J.,Js, Js,m)
where
Ji=a+t et ea=c¢+ 2,
(7.15) Js = 66 + &6 + a6 = 266 + 6
Js = e66s = €165 .

We express W in terms of the three variables €, , €; , m and write the stress-strain
relations

- W

= 661 !

10W

(7.16) ™= 5 5
oW

Y= -

T dm
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Darcy’s law is given by equation (7.7) as for the cylindrical case and the con-
servation equation is :

! 2
(7.17) m= =5 61‘ 2 1)
where M is now the mass of fluid which has flowed through a spherical surface,
centered at the origin, per unit initial area. Substitution of the values (7.16)
and (7.17) for 7, , 72 , ¥ and m into the equilibrium equation (7.13) and Darcy’s
law (7.7) yields two equations for the unknowns u and M.

Generalized coordinates may be introduced by expressions formally identical
to (7.10) where r is now a spherical coordinate. For a material initially bounded
by two spheres r = a and r = b the Lagrangian equations are obtained using
the values

V= f:WMr,

_1ipw,
(7.18) D—2fa o 1 dr,

. aub _ 2 au 3M 5
Qi = bin aq‘ aq ‘//b + 1#5 aq,
The values of 7, at the boundaries are r, and 7, with subscnpts denoting similarly
the boundary values of other variables.

Appendix.

Properties of the dissipation function. The existence of a dissipation function
and its properties in connection with the Lagrangian equations of a fluid with
Newtonian viscosity are well known. Use of these properties has been made
earlier in the theory of porous media [1], [2]. They are briefly recalled here.

The velocity field v; of a Newtonian fluid of specific mass p is referred to
Cartesian coordinates. When inertia forees are neglected, the stress field ,; in
the fluid satisfies the equilibrium equations

9oy _ 9U
a  Pot

The body force potential per unit mass is denoted by U. The stress ¢,; is the
sum of two terms

(A.2) 0ij = of; — Pdy;

where of; is a viscous stress while p is a hydrostatic stress depending only on
volume changes. The viscous stress is expressed by

(A.3) ol; = 2qel; — Zne’ §;

with a viscosity coefficient 4 and strain-rate components

(A.1) = 0.
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1 <6v~ av.>
fo— 2| 22 puthct X
“ =2 \e;, T/
¢ = eh + ess + 63’3 .

Note that ¢/; is the stress deviator. Introducing the value (A.2) of o,; the
equilibrium equations (A.1) become

dal; a¢

9%; Pog, ~

where ¢ = ¢ + U. If this equation is satisfied we may obviously write

(A.6) fff (""’“ p%) b0; A2 = 0

where dv; are arbitrary variations of the velocity field. If sv; are chosen to
vanish at the boundary of the volume of integration €', then integration by
parts in equation (A.6) yields

(A7) fff <¢7., dei; + p 5'2—’ ) ) g’ = 0.

We now introduce an important property of ¢/; . Equation (A.3) shows that
it may be written in the form

(A.4)

(A.5)

(A8 o = 6%%
where

(A.9) ¢ = nelel; — Ine”
is the dissipation function of the fluid and

(A.10) 2 = olsel,

represents the power dissipated per unit volume. With the value (A.8) for o/,
equation (A.7) becomes a variational principle

(A.11) f{f (a¢ + pg‘i 61),-) d’ = 0.

We shall apply this result to derive the generalized form of Darcy’s law by
considering the motion of a viscous fluid through a rigid porous solid. We assume
a Poiseuille type flow with negligible inertia forces and consider a small region B
of the material sufficiently large relative to the pores so that properties may
be averaged. In this region the microvelocity field relative to the solid may be
expressed as a linear function of the average rate of volume flow ; through
the region. We may write

(A.12) vi = vi;(E)w;
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where the coefficients v,; are functions of the local coordinates &, . From (A.12)
we derive the local strain rate distribution

r _1_ Wz _(?1)7_k .

(A.13) ;i — ) <a£, + 3L, )wk .

This expression neglects the terms containing 9,/0¢; . This is consistent with
the basic assumption that , is sufficiently uniform throughout a region R which
is large relative to the pore size. The major contribution to the dissipation is
therefore due to w; and the effect of dw,;/9%; may be neglected. The local dis-
sipation function ¢ is then evaluated using (A.13). We also introduce the follow-
ing averaged values, over the domain R

D = I_]é‘ff ﬂDdR = %ﬂb.’i'w;w,’ s

(A.14) 2
1 ([ o _ %
Rff pasiév,-dR—paEiaw.-.

In evaluating the second integral we have replaced p d¢/0%; by a constant average
value in R. The variational principle (A.11) is applicable to the fluid contained
In a certain volume @ of the porous solid. The volume occupied by the fluid
is @'. However we may extend the integration to the volume @ by putting
v; = 0 in the regions occupied by the solid. The validity of the variational
principle (A.11) requires &; = 0 at the boundaries of @'. This condition is
automatically satisfied at the fluid-solid interfaces because of the fluid viscosity.
In addition we impose the condition 8§, at the boundaries of Q. This insures
that &, also vanishes at boundaries of the fluid which are not in contact with
the solid. Introducing the average values (A.14) the variational principle (A.11)
becomes

(A.15) i (nb,-,u’),- + p%) s d = 0.
Q

This being valid for arbitrary variations 8; inside the volume Q, we derive

(A.16) b ; + p 3—? = 0.
Solving for 1, this result may be written

. 9o
A..17 i = —k,',' B "
.10 et n O%;

with the symmetry property
(A.18) ki; = Fjs .
This result established Darcy’s law (3.3).

Non-Newtonian fluids. 'The concept of dissipation function may be extended
to non-Newtonian isotropic fluids. This is immediately evident since the varia-
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tional principle is based solely on the fact that the relation between fluid stress
and the strain rate may be written in the form

(A.19) Gy (')e,, ﬁ 0:j
where
(A.20) o= oli, 1}, I}

is a function of the three invariants of the strain-rate. They are obtained by
replacing a;; by e}, in expressions (5.1). Again we express the microvelocity field
as a function of ; . Since the fluid is now non-linear the distribution of the
microvelocity field depends on the magnitude of w, .

From relation (A.19) we derive the same variational principle as (A.11).
We may also write average values (A.14). However in this case the average
dissipation funetion

(A.21) D' = D'(w))

is not a quadratic form of w; . Application of the variational principle using the
average values (A.14) yields the eondition

(A.22) f f f (gﬁ' a¢> su; dQ = 0.

Hence with arbitrary variations §; we obtain
oD’ 9% _

aw; P o
This is the generalized form of Darey’s law for non-Newtonian fluids,

(A.23)
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