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New concepts in thermodynamics are further extended and combined with a principle of virtual dissipation to provide
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general equations of evolution of collective open chemical systems. A new definition of the chemical potential is intro-
duced, and some new expressions for the affinity are discussed. Application of the principle of virtual dissipation leads
very simply to quite general continuum field equations for thermomolecular diffusion coupled to chemical reactions in a
body force field. An energy flux theorem is established. Complementary scalar field equations and corresponding variation-
al principles are derived along with a general mathematical formulation of chemical waves. The power of the variational
lagrangian formulation of thermodynamics is well illustrated by a simple and very general treatment of active transport

in biological membranes. It is indicated how this lagrangian approach originated by the author in 1954 constitutes the
fundamental conceptual and analytical tool unifying nonequilibrium thermodynamics and classical mechanics.

1. Introduction

Our purpose here is two-fold. First to further de-
velop the concepts and results obtained earlier for
open chemical collective systems [1,2]. Second to
apply to such systems the principle of virtual dissipa-
tion introduced by the author [3,4,23] as a complete-
ly general and fundamental tool to obtain field dif-
ferential equations as well as lagrangian equations
with generalized coordinates.

Sections 2 and 3 recall briefly the new concepts
and results for open systems. A new definition of the
chemical potential in section 4 provides a formula-
tion of the new results in a form directly comparable
with traditional procedures. This requires the intro-
duction of two axioms.

An interesting expression for the affinity obtained
by de Rycker [9,10] is discussed in section 5. His ex-
pression uses the traditional definition of the heat of
reaction and mixture properties. It is shown to be
equivalent to the new value derived by this writer [1,
2] which is expressed in terms of intrinsic heat of re-
action and the physical properties of the indivual re-
actants.

Section 6, discusses reactions in a single cell open
or closed. The relation of availability to the affinity

is illustrated. For the open cell it is shown how the
equations constitute a particular case of the general
lagrangian form.

The general entropy balance equation is derived in
section 7, along the lines developed earlier [14,15,17].
In section 8 the principle of virtual dissipation [3,4,
23] is rederived in the particular context of the pres-
ent paper, and applied in section 9 to obtain field dif-
ferential equations for a continuum with thermomo-
lecular diffusion coupled to chemical reactions. The
equations are completely general, including heat
transferred and generated as well as the influence of
the gravity field. As shown in section 10 they lead to
an energy flux theorem and the classical result for the
Joule--Thomson expansion.

The field equations as well as the variational prin-
ciple may be expressed in complementary form with
scalar variables as shown in section 11. This provides
a formulation of chemical waves as a mathematical
problem of characteristic values.

Section 12 treats the problem of active transport
of biological membranes in completely general form
in the context of linear thermodynamics. It consti-
tutes an ideal illustration of the power of the lag-
rangian formulation with internal coordinates as al-
ready derived by the author in 195455 [3,21].
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The last section contains a brief outline whose pur-
pose is to acquaint the reader with the broader as-

pects of the variational-lagrangian formulation of non-

equilibrium thermodynamics and its relation to areas
of physics other than those treated here.

2. New chemical thermodynamics of open systems

A fundamentally new approach to the chemical
thermodynamics of open systems has been developed
earlier [1,2]. We shall briefly recall the key results.

We have considered a hypersystem constituted by
the three cells, a primary cell Cp, a chemical equilib-
rium cell Cy, and a thermal well TW. A chemical re-
action ““producing” masses dm;, = v, d§ may occur
in Cp at the temperature 7. The same reaction is in
equilibrium at the temperature 7o in Cy,. The ther-
mal well TW is a large isothermal reservoir at the con-
stant temperature Ty, We have introduced an “intrin-
sic” heat of reaction A oT [1,2] defined so that
h T d¢ is the heat absorbed by the cell Cp undergo-
ing a reaction d, at constant pressure and tempera-
ture, the “products” of reaction being removed as the
reaction proceeds. Under these conditions the com-
position, pressure and temperature of the cell remain
constant. The masses “produced” by the reaction are
positive or negative, to correspond to substances
created or disappearing. The traditionally defined
heat of reaction is denoted /7 and differs from /2,1
by an additional heat of reversible mixing at constant
pressure and temperature [1,2].

The cells Cp + Cy, represent a collective system.

We denote by he‘} the intrinsic heat of the equilib-

rium reaction in C ch at constant pressure Pey and con-

stant temperature T . We have derived the relatlon
[1.2],
T

pT—heq -Ev f

PreqTeq

(dp) /o) + T'd5,). (2.1)

The pressure py, is the pressure of the pure substance
in equilibrium with the cell Cp through a semiper-

- meable membrane. By definition we call py, the par-
tial pressure of the substance in Cp. The pressure
Dy q is the partial pressure of the substance in Cg,.
The integral is applied to the pure substance through
an arbitrary path of variable pressure, density, tem-

perature p; py T' and entropy differential dsj per unit
mass.

We have also shown that it is possible to define
the increase of entropy dS, of the collective system
due to a chemical reaction dg, without recourse to
any statistical definition of entropy, by using an
equivalent reversible process in the hypersystem. Fol-
lowing de Donder [8], dS,/d§ = A/T defines the af-
finity A. The value of A/T was found to be [1,2]

ds prT ieq

A ch z ; - hpT hpT
== ds, +-—-—— ———. (2.2)
T I;{; r k Teq T

eq’eq

The collective potential <V of Cp + Cy, also called cell
potential of Cp is

V=U T, (2.3)

where U is the collective energy of Cp + Cy, and &
its collective entropy. If a reaction d§ occurs in Cp as
a rigid adiabatic closed cell, there is no change in in-
ternal energy (dU = 0) and

dV = -T,ddS, = —(T,/T)A d&. (2.4)

Note that these quantities are defined by means of a
reversible process which produces the same change of
state as the chemical reaction. Hence when the change
occurs purely through a reaction, the work d <V of the
corresponding reversible process is lost.

Consider now the primary cell to be open, non-
rigid, and non-adiabatic. In order to deal with this
case we have added to the hypersystem supply cells
Cgy, each containing a pure substance & and all at the
same pressure and temperature py 7},. The collective
system is now constituted by the cells Cp + Cy, +
Z; Cgx and the hypersystem is obtained by adding
the thermal well TW. The cell Cp at the pressure p
may now exhibit a change of volume dv. An amount
of heat T dsy may be injected into it by means of a
heat pump between Cp and TW. Masses dM* extract-
ed from Cg; may also be injected into Cp by a re-
versible process which we have called a thermobaric
transfer. The mass increases dM¥ are in addition to
those dm;. = v, d& due to the chemical reaction d&.
The resulting increase of cell potential was found to
be {1,2]

4V = _(T,JT)Adt —pdv+ Ewdek+6ds
(2.5)
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where
=T — TO. (2.6)

The coefticient Y, was called the thermobaric poten-
tial. Its value [1,2] is

piT
V= [ (D lo, +6'ds,), 2.7
. poTo
with
6'=T"-T,. (2.8)

It represents the work required to transfer a unit mass
of substance reversibly from its supply cell Cgy, to the
primary cell Cp. The term 8 ds in (2.5) is the work
required by a heat pump extracting heat from TW at
the temperature T and injecting an amount of heat

T dsy into Cp at the temperature 7. The change of
collective entropy d d associated with dV;, is defined
as the change of entropy of the collective system Cp +
Cen T Zg Cgp- We have called it the collective entropy
of Cp because it is completely determined by the state
variables of Cp. Its value [1,2] is

do=(A4/T)dt + Z;hdek +dsg, 2.9)
where
piT
5, =f ds,, (2.10)
roTo

was called the “specific relative entropy” of substance
k in Cp. We note that p is the partial pressure of sub-
stance & in Cp as defined previously. It was also noted
that dsy is not a state variable of the primary cell.
However we may eliminate dst between egs. (2.5)
and (2.9). This yields

d‘V=—Ad.§—pdv+§¢>dek+0ch, (2.11)
where
¢k=11/k—5k0, (212)

was derived earlier [1,2] and called the convective po-
tential. In expression (2.11) all differentials are now
state variables. If several reactions take place, expres-
sion (2.11) becomes

dV =23 A4, dE ~pdv+ 20 ¢, M +0d.
p k (2.13)

Hence
aq)/asp = _Ap’ aCV/aU =D,
WM = ¢, dV[aS=9. (2.14)

As already pointed out [1,2] the convective po-
tential (2.12) is completely defined within the hyper-
system and does not involve any undetermined con-
stant. It may be written in more explicit form by in-
troducing the value (2.7) for y. We find

¢k=5k —T§k, (2.15)
with
prT
&= [ (dpylo, +T' d5p). (2.16)
roTo
Integration by parts yields
5k=pk/Pk_p0/P0+b7k, 2.17)
where
\ T
o=~ [ [ (/o) +T'd5,], (2.18)
proTo

is the increase of internal energy, per unit mass trans-
ferred, of the collective system Cp + Cg and € is
the associated increase of enthalpy of the same sys-
tem. We may call ;. and € the specific relative ener-
gy and enthalpy of the substance in k. They are call-
ed relative with reference to the state of the sub-
stance in the supply cell.

The physical significance of the cell potential Y
should be clearly understood. We start from an ini-
tial state which is assumed to be the lowest state of
energy attainable by the hypersystem. We then bring
the cell Cp to a given state by thermobaric transfer
and the use of heat pumps. The reversible work in

' this process defines the collective potential V.

3. Generalized collective system and mixed collective
potential

Instead of a single primary cell we may consider
a large collection 2, Cp,, of such cells. We have de-
fined [1—4] the collective potential of this system as

V=22v_, (3.1)

where) _ is the potential of each cell as defined by
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(2.3). We may also write
V=U-T,8S, . (3.2)

where Uand S are the collective energy and entropy
of the collective system

Sys = 25 Cp, * Zk) Cgp + Cy- (33)
@

The collective potential V is by definition the revers-
ible work accomplished on the hypersystem Sys +
TW in order to bring the system Sys to a given state
starting from a suitably defined ground state for
which we put ¥ = 0. The entropy S of the system Sys
is defined classically. Since the transformation in the
hypersystem Sys + TW is reversible, its total entropy
does not vary, hence the entropy S of Sys is simply
the entropy lost by the thermal well TW. Changes of
state due to chemical reactions are included in this
procedure since we have shown that we may produce
the same change of state by an equivalent reversible
process in the hypersystem.

Consider a change of state in the system Sys alone
without any involvement of TW, hence without any
heat energy acquired or lost by Sys. If we neglect the
kinetic energy, the work W done on Sys must be equal
to its increase U of energy. Hence

U=w. (3.4)

This relation is based on the first principle and is val-
id whether the transformation is reversible or not.
With this value of U eq. (3.2) becomes

V=W -T,S. (3.5)

Since no heat or matter is provided to the system Sys
its entropy S represents the entropy produced in Sys.
To indicate this we replace S by S * and write

*
V=w-T,S". (3.6)
For any change AV we may also write
*®
~AW = AV - T,AS”, 3.7

where —AW is the useful work provided by the sys-
tem on iis environment. By the second principle

AS* >0 (3.8)
and
~AWS —AV. (3.9)

The useful work is therefore less or equal to the drop
in value of V. Hence V is the maximum useful work
available relative to the ground state, and —AV is the
loss of ““availability™.

A generalization of these concepts is provided by
considering that the work on the system is composed
of three parts. The work —p,v of the atmospheric
pressure p, due to a change of volume v, the work
—G due to a force potential field such as gravity and
the work W, of the remaining external forces. Hence

W=-—pv-G+W,. (3.10)
With this value eq. (3.6) becomes

P=W,-T,S", (3.11)
where

P=V+py+G (3.12)

was called a mixed collective potential [1,2,4] which
embodies combined mechanical and thermodynamic
properties. We may also consider P as a ““generalized
availability’’ of the collective system.

Mixed mechanical and thermodynamic stability
criterion
If we take into account the kinetic energy 7, relation
(3.4) must be replaced by

F+U=W (3.13)
and eq. (3.11) becomes
P W, =—(T,S"+). (3.14)

If we consider a static equilibrium for which T =0,
departure from this state requires a decrease of P —
W,. Hence if P — W, is a minimum this cannot hap-
pen and the equilibrium is stable. Note that this cri-
terion is extremely general and involves, mechanical
forces as well as thermal and chemical changes. Bound-
ary and environmental conditions are included. For an
open system we represent the environmental influence
by considering as part of the collective system any num-
ber of cells which may exchange matter or heat with it.
The potential of these cells is thus included in the total
value of 2.

When dealing with a continuum in a domain £2,
the summation in (3.1) is replaced by a volume inte-
gral
v= [,

Q

(3.15)
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where <V is the potential per unit volume. A particu-
larly useful expression is obtained by considering a
transformation in two steps. First at constant tem-
perature Ty, in which case

F=U-T,s (3.16)

is simply the classical Helmholtz free energy of the
collective system. In the second step only the temper-
ature is varied. Applying eq. (2.5) the collective po-
tential becomes

V=F+ fdﬂf 6 dsy = F + fdQ f(cf)/T)dT

317
where c is the heat capacity per unit volume as a func-
tion of all state variables including the temperature.
For quasi-isothermal transformations with small 9 it
becomes

V=F+1 f(ce2mdn. (3.18)
Q

The particular linearized case of a continuum under

initial stress has been treated in detail [5,6].

4. New definition of the chemical potential

We may write (2.1) in differential form

iy = 200, 07, | (4.1)
which generalizes Kirchhoff’s equation. We put
pT pT
&=/ & 5=[ & (4.2)
PreqTeq PreqTeq

With these definitions eqs. (2.1) and (2.2) become
Ry — %= Ev s 4.3)
AT = E bSy + AT, — /T, (4.4)

Elimination of hpT between egs. (4.3) and (4.4) yields

A=— Z) b0 + (TIT, — DA, (4.5)
where
¢, =&, —T5. (4.6)

The quantities ¢}, €, and §; are respectively the con-
vective potential, specific enthalpy and entropy de-
fined relative to the chemical equilibrium state as
lower limit of integration. Eq. (4.5) is completely rig-
orous and based exclusively on the axioms of clas-
sical thermodynamics. It requires the knowledge of the
temperature T, and intrinsic heat of reaction h‘sq at
chemical equilibrium.

In order to express the affinity in the traditional
form in terms of chemical potentials we must intro-
duce some new axioms:

(a) We integrate (4.1) with the absolute zero as the
lower limit and write

i, 724 ,
iyr = Z; y [ fo S de + Ek(O)]. 4.7)

The value of the integral is obtained by extrapolating
the experimental data to the absolute zero. It is as-
sumed that the constant of integration may be writ-
ten in the form Z; vy &.(0) where €,(0) are constants
characteristic of each substance and independent of
the nature of the chemical reaction.

(b) It is assumed that

- PkeqTeq
FSHT g = 2}; Vk[ [ §k(0)]. (4.8)

Again the value of the integral is obtained by extrapo-
lation to the absolute zero and §,(0) are constants
characteristic of each substance and independent of
the nature of the chemical reaction. Putting §;(0) =0
amounts to assuming the validity of Nernst’s theorem.

Substitution of expressions (4.7) and (4.8) into
the value (4.5) yields the affinity in the traditional
form

A=_Divu, 49
= VMg (4.9)
where
™ _eabs T—abs (4.10)
and
prT piT
zabs = f de, +,(0), b= j ds, +35,(0).
(4.11)

Eq. (4.10) provides a new and completely general
definition of the chemical potential uy. Its use is on-
1y required for chemical reactions if we do not know
h_f% and T,
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4.1. Relation to the traditional formalism of
chemical potentials

If we introduce the value (4.9) of the affinity in
the differential (2.11) we obtain

dw= EV My dE — pdu+E¢dek+ed¢s (4.12)

The increase of mass of each species k is

dm, = dMF +y, dt, (4.13)

where the first term is due to convection and the sec-
ond due to the chemical reaction. Also by definition
the convective potential is

¢k :'uk — Mg (414)

where pg, is the chemical potential of the pure sub-
stance in the supply cell. Hence the differential (4.12)
and dU = dV + Tj; d S become

AV = dWY — 25, aMF, »
k (4.15)

dU = dUY 23 g, dME,
k
where
AV =23y, dm, —pdv+6dd,
k (4.16)

AU = 24y dmy ~p do + TS,

are in traditional form. Note however that while the
form is the same the definition of the chemical po-
tential u; is obtained differently, and in addition S
is a collective entropy.

Except for the difference of definition of the vari-
ables, d U™ is expressed in the traditional form intro-
duced by Gibbs [7].

If we deal with a single primary cell the values
(4.15) are not equal to the traditional form (4.16).
However it may be valid if we consider a collection
of primary cells Cp,. For each cell we write

= t
dv =4Vl —Z:z oy A,
\ (4.17)
= tr
dU = dur - Zk)u()k dnke,

The differentials of the collective potential and ener-
gy of the whole system are

V= 23dWE — Lp, dmke,
o ko

(4.18)
U= 23dUT — Dy, M.

« ¢ ka
If the exchange of matter occurs only between prima-
ry cells we may write
25 dMke = (4.19)
o

and the values (4.18) are reduced to the traditional
form

V=23 dv",
« (4.20)
= tr
U= ?dfua.

Hence the traditional form of these expressions ap-
plies only to closed systems under the condition
stated.

5. Evaluation of the affinity by de Rycker’s procedure

A very simple evaluation of the affinity was pro-
posed by de Rycker [9,10] based also on the knowl-
edge of the chemical equilibrium state, Consider a
closed primary cell to go through a closed cycle abeda
at constant pressure p with variable volume and vari-
able reaction coordinate ¢. Along ab the reaction is
frozen and the value £ = &, is constant, while the tem-
perature varies from T to the chemical equilibrium
temperature Teq. From b to ¢ an infinitesimal reac-
tion d£ occurs at the equilibrium temperature Teq.
From c¢ to d the reaction is again frozen at a constant
value &, = £; + d§ while the temperature is decreased
from Teq to T. Finally along da the value of ¢ returns
to &, while the temperature 7 is constant. The closed
cycle returns the cell to its initial state. By integration
of equation (2.9) along this cycle (with dM¥ = 0 since
the cell is closed) we obtain

§ (A7) g +dsy] =0. (5.1)
abcda
Since 4 = 0 along the chemical equilibrium branch
be, relation (5.1) leads to

——dg+fdsT+fds (”T

)dg 0, (5.2)
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where th is the heat of reaction at constant pressure
and temperature according to the traditional defini-
tion which includes the heat of mixing while ‘} de-
notes the value of h,r at chemical equilibrium. Also
ifc, (T, £) denotes the heat capacity of the cell at
constant pressure we may write

ds + [ dsp = —d§ & ,wdT'. (5.3)
f r f . f 7

Hence (5.2) becomes

eq T '
é_ﬂ’_T _@_ eq_l_wd]"' (5.4)
T T T T 3 ) ’
eq T

Through the closed cycle there is no increase of cell

energy, moreover the work done by the constant pres-

sure on the cell is zero, since the volume returns to its
initial value. Hence the total heat energy absorbed is
zZero, i.e.

e 9
p - :
Wy —hp— [ SEar=o. (5.5)
T

Elimination ofhpT between egs. (5.4) and (5.5)
yields

A=( —l)heq f( )—5ng’ (5.6)

This is the value of the affinity derived by de Rycker
[9,10] . He has also verified that in the temperature
range of a large number of industrial problems we
may neglect the last term in (5.6). For these cases he
obtains the remarkably accurate simple approxima-
tion

=(T-T )heT/T 5.7
which plots as a straight line versus 7.

It is of interest to point out that eq. (5.1) applied

along the branch ad yields the classical relation (see

ref. [11, p. 48])
A=TQS/08),p ~ . (5.8)

Similar results for the case of constant volume instead
of constant pressure are easily obtained by the same
procedure. We derive

A=(T =T )hg/T,, (59)

and

N’

S,k (5.10
where ki is the traditional heat of reaction at con-
stant volume and temperature and /_. is its value at
chemical equilibrium. Eq. (5.10) is also a classical re-
lation (see ref. [11, p. 48]).

Note that hec} and Teq are functions of all state
variables except the temperature T. Hence they are
functions of the chemical coordinate £, the volume v,
and the masses M¥ convected into the cell.

We will show that the affinity A derived from egs.
(5.4) and (5.5) by de Rycker’s procedure is compat-
ible with the value derived from egs. (2.1) and (2.2).
Consider a cell Cp without chemical reaction at the
temperature Teq. We go through a cycle at constant
pressure p where the cell Cp is first brought to the
temperature T. A mass dmy, is then extracted revers-
ibly from Cp at the partial pressure p; and constant
temperature 7. After this extraction the cell Cp is
brought back to the temperature T . The mass dm,
is also brought back to the temperature Teq and par-
tial pressure py eq and injected back reversibly at con-
stant temperature T into the cell. Through this
cycle the system has not changed. There is no volume
change, and no change of internal energy. Hence

T ac Pkeqleq
14 ' =
dmkf om, dar +dmkf _ de,
By piT

k k _
— by dmy + HE2S dmy =0, (5.11)

where h’;T is the heat of mixing for substance & at
constant pressure and temperature T as defined earlier
[1,2] while hk 4 is the similar quantity at the equi-
librium temperature T . We derive

oc
/ S AT =& +hE L — kR, (5.12)
Teq O™k

In the same way expressing no change of entropy

k eq
fT —1—3—3 aT' = 5 o ——}/;T (5.13)
T'om kT T ’

T My

eq

We may also write

om, dc, Oc
S, X 3 % % % (5.14)

X kam x 0F om, 0’
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ac well ag the fallowinge relationg derived in [1 21
as wlii as Uil ICuOWIE Ieidulns Gerived 1Nt [1,4)
-7 k eq - jeq 4 keq
hor =hort Do, =i+ D fss.
(5.15)

Teing +h aly €198 14
Ubllls tne vaiues \J.14)—o.10) ul Cys. \J

AN

4)
of de Rycker we obtain eqgs. (2.1) and (2.2) of this
writer.

6. Chemical reaction in a closed or open cell.
Lagrangian formulation

We shall consider first a closed adiabatic primary
cell. Its volume v may vary and a single reaction &
may take place in the cell. The cell potential

Y =V(,¥§ (6.1)

is a function of its volume v and the reaction coor-
dinate £. Since the cell is closed and adiabatic we put

dMk = ds =0 (6.2)
in eq. (2.5). Hence

dV=—(T,/T)A d§ — pdv, (6.3)
and

a%V/ov = —p, V[t = —(T,/T) A. (64)

Since Y is defined by means of 4 the second equa-
tions constitutes an identity, so that eqgs. (6.4) are
not sufficient to determine the two unknowns v and
£ as functions of the pressure p. The additional equa-
tion is provided by chemical kinetics where the rate
of reaction ‘g’ is given in terms of £ and v. We write

E=f(&.v). | (6.5)

Eqgs. (6.4) and (6.5) may be given in a different form
which is a particular case of a more general formula-
tion, by evaluating the affinity

A=A(t,v) (6.6)

as a function of £ and v. We then eliminate ¢ between
egs. (6.5) and (6.6). This yields

A=R(,v). (6.7)

We note the fundamental property

ER(E,v)>0. (6.8)

Fag (A A) then takae the form
£{5.10.5) uith 1ake ind ioim
dVjdv=—p, dV[or=—(Ty/DREv).  (69)

Since the temperature T may be evaluated as a func-
tion of E and v eqs. (6.9) govern the two unknowns

¢ and v. If v is given as a function of time then the
second equation contains the single unknown £. As an
illustration we plot ¢V as a function of £ for various
values of the volume v (fig. 1).

Consider the curves vy = Const and v, = Const
with vy <v,. These curves show a minimum on the
line ab(A = 0) which corresponds to chemical equi-
librium. If we decrease the volume slowly, ¥ and ¢
will vary along this line ab. Since 4 = 0 along this line
eq. (6.3) yields

b

V,~V, = [pdv. (6.10)
Hence the lost availability <V ,—€V, is exactly equal
to the work provided by the cell. On the other hand
if the change of volume is accomplished very fast, we
move along the line ac with d¢ = 0. Hence

(4
V-V, = [pdv (6.11)

a
The loss of availability <V, — VY, along this line is al-
so equal to the work provided but its value is smaller
than (6.10). If the reaction is then allowed to pro-
ceed at constant volume v toward equilibrium b we
obtain from (6.3)

V-V, = [(TnAd. (6.12)

F

0 3

Fig. 1. Plot of the cell potential Y as a function of v and .
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Hence there is further loss of avallability V ,—V,,
with no work accomplished.
Consider now the general case of an open non-

adiabatic cell where several reactions & o, may take
place. We may evaluate the affinity
A=AE,0. M5 S) (6.13)

as a function of the reaction coordinates g, the vol-
ume v the masses M¥ injected and the entropy d.0n
the other hand from chemical kinetics we write the
reaction rates as

£ =1, 0. M 3). (6.14)

We then eliminate £, between eqs. (6.13) and (6.14).
This yields :
= 4 k
4, —Rp(EU,v,M ,d). (6.15)

Again the functions R, obey the fundamental inequal-
ity

};} R >0, (6.16)
With these functions R o> €4s. (2.14) are written
OVjou=—p, VoMt =¢,, 617
dV/aS =0,  3Vfor, = -R,. .

If <V has been evaluated as a function of v,Mk, d and
£, eqs. (6.17) constitute a complete system for the
time evolution of these variables, for given values p,

0 and ¢k.

We may write these equations in the fundamental
lagrangian form introduced by the author in irrevers-
ible thermodynamics [3,4,21]. If we denote the vari-
ables v, M* and S by q; and the corresponding vari-
ables —p, ¢y, and 6 by Q; we may write eqs. (6.17)
in the abreviated form

0V30,=0Q; V3, +R, =0,

In the author’s general lagrangian thermodynamics
Q; plays the role of generalized driving forces and £,
that of internal coordinates [3,4,21].

These equations also govern the evolution of the
system if any three of the six variables v, Mk, 3, p,
¢y and 6 are prescribed functions of time. If the sys-
tem is weakly irreversible, i.e. if during its evolution
the system remains close to an equilibrium state we
may apply Onsager’s principle [12,13] and write

(6.18)

A, = Rp = aD/?;ép {6.19)
where
=1
Bpasp E (6.20)
is a quadratic form in £, whose coefficients
B,, =B, =B,,(4:t,), (6.21)

are functions of the state variable gq;, & - Egs. (6.18)
become

3V/3q;=Q,, IV/ag, + aD/aép =0. (6.22)

These equations are similar to those which govern
nonlinear viscoelasticity [4] where Q; are applied

stresses and £, are internal coordinates. [See also eqs.
(13.3) below.]

7. Fundamental entropy balance in a continuum with
entropy production, diffusion and convection

In the foregoing development we considered finite
cells. We shall now apply the newly developed meth-
ods and concepts to a continuum. The collective en-
tropy of the continuum is written

s= [ saq, (7.1)
Q

where the volume integral is extended to a domain
and J dQ represents the collective entropy of the
elementary cell of volume dQ = dx; dx, dx5. Hence
d is the local entropy per unit volume. It is impor-
tant to note that eq. (2.9) for d Jis not valid here be-
cause it assumes that there is no gradient of § across
the cell. A new entropy balance equation was derived
[14] and developed subsequently {15]. The proce-
dure is to write the rate of increase § of the total en-
tropy S as (the dot represents a time differential)

S=f(s;T+h/T)dQ_§ [5, 0 n0a. (2
Q "4

In this equation §§T is the rate of entropy produc-
tion per unit volume which is not due to thermat dif-
fusion, and / is the rate of energy supplied to a unit
volume by thermal conduction at the temperature T.
The second integral is evaluated at the boundary A

of & with a unit normal n; and represents the entropy
supplied to by convection. The rate of mass flow
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of substance k per unit area is M‘k and §j is the specif-
ic relative entropy of a unit mass of the substance in
equilibrium with the medium through a semiperme-
able membrane at the point considered.

Conservation of energy requires

h=— 20 8 ox,, (7.3)
i

where Hi is the rate of heat flow per unit area. The
surface integral in (7.2) may be written as a volume
integral. After substitution of the value (7.3) for h
eq. (7.2) may be written

$= Qf (s* -z aSl./axl.)dsz, (7.4)

where

S SN T T .

Si~Zk>sle. +8T, ST=HyT,

. (7.5)

H,

R g—T—
i T X .

The vector S is the total rate of entropy ﬂow S T the

rate of entropy flow by conduction and §* the total

rate of entropy production per unit volume including

the entropy produced by thermal flow. From (7.4)
the rate of entropy increase per unit volume is

§ =5* - 208 fox,. (7.6)
!
This is the basic entropy balance equation, generaliz-

ing the result of Meixner [16] for thermal flow.
Integration with respect to time yields

S=5%+s, (7.7)‘

where

s=— 2735 ox,, (7.8)
1

is the entropy supplied and S; is a vector introduced
earlier as the entropy displacement [4,14,15]. Note
that the mass displacement vector Mll.c also satisfies a
similar holonomic constraint

M* =25 oM jax, (79)

where M* is the mass acquired by convection per unit
volume.

In the presence of chemical reactions the conserva-
tion of mass condition is written

— k
£ = —Zt} oM [ax, + ? Vot

(7.10)

— pk
mk—M +Zp>vkp

where m;, is the mass increase of substance & per unit
volume and £, are reaction coordinates.

8. Principle of virtual dissipation

Let us apply eq. (3.13) to a rigid continuum £2. We
assume no volume change, no external work except
that of the potential G(v = W, = 0) and negligible-
inertia forces. We write

v=[wag, s*=[s*dae, 6= [pgda, @1
2 Q Q
where

V=Yt M, ), (8.2)

is the potential per unit volume, @ the scalar poten-
tial of body forces per unit mass and p the mass per
unit volume. Eq. (3.11) becomes

d%nf(fv +pQ+Tys*)dQ=0. (8.3)

This equation is applicable assuming no heat or mass
flows through the boundary, hence the normal com-
ponents of §; and Mk vanish at the boundary. The
equation is also vahd for arbitrary variations 8%,

6Mlk and &8s which satisfy the holonomic constramts
(7.8) and (7.9) hence

~ 23388 ax,,

i (8.4)

Mk = — 23 3 5M¥/ox..
1
We also satisfy
=~ 2asmk =~ 23 asM¥fox,. (8.5)

k ik
In variational form eq. (8.3) becomes
[6v +gsp + T, 855 a2 =0. (8.6)

Q
From (7.7) we derive § S = s + 8s™*. Hence
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SV =8,V +(dV/3)ss™, (8.7)
where

Z} 5M"+aq’5 +E (8.8)
isa restrxcted variation obtained by not varying s* in
d. On the other hand, from egs. (2.14) we write
VS =0=T- T,. (8.9)
Substitution of the value (8.7) of § YV into (8.6)
yields

[6, +gsp+ Tos*)da =0. (8.10)
Q

This relation expresses the principle of virtual dissipa-
tion [4,23] as applied to the assumed continuous sys-
tem. For simplicity we have neglected the inertia

forces. These have been included in the general formu-

lation [4,23] and applied to thermomolecular diffu-
sion [15,17].

The term 7'65™ is what we have called the virtual
dissipation. Its evaluation is obtained as follows. We
may write
T =2,R £ +2D (8.11)

raa
where (l/T)Ep’Rpép and (2/T) D are the rates of
entropy production respectively by the chemical re-

actions and the thermomolecular diffusion. The co-
efficients

R, =‘Rp(éa,Mk,cS) (8.12)

are defined as in (6.7) and in the present case are
functions of the reactions rates, the masses M¥ inject-
ed per unit volume, and d .

The dissipation due to thermomolecular diffusion
is expressed by the dissipation function

m—lEC”‘M’M"+Ec*M"S FIT 2N S.S.
2lkzj K kij i 47077

(8.13)

It is a quadratic form in the rate variables and there-
by embodies the Onsager principle [12,13] for ther-
momolecular diffusion. The last term which contains
the thermal resistivity A;; ;j eXpresses the d1531pat10n
for the case of pure thermal diffusion (M =0).

The coefficients C Ik Ck and 7\ are functlons of

the local state variables E MF and S. The coefficient
C represents a couphng term between mass flow and
thermal flow which includes convection. This is dis-
cussed in more detail elsewhere [15,17].

With these definitions the virtual dissipation is ex-
pressed by

T5s* -Efn R +E@—5M’<+E—~as
ki aM
(8.14)

9. Variational derivation of field equations for
thermomolecular diffusion and coupled chemical
reactions

The unknown field variables to be determined are
the reaction coordinate £, the vectors Ml.k and §; and
the entropy produced s*. We shall apply the principle
of virtual dissipation (8.10). With the value (8.8) for
§g V and (8.14) for T8s* we may write

f[E OV sprk + %2; as+E ok, +gos
K am* 9.1)
+E<R 13 + 22 9D BMk+Z>—r—6S ]dQ=O.

We introduce the values (8 4) and (8.5) for the varia-
tions s MK and 8p and integrate by parts. Since the
variations 6M lk 8S; 8%, are arbitrary, we cancel the
coefficients of these variations and obtain

2 (2ig) 22,

am* oMk

8 (2, 0D _

axi(acs)JfaSi‘o’ ©-2)

acv/agp +R 0= 0.

These equations along with (8.11) constitute a com-
plete system governing the time evolution of the un-
knowns. They may be written in a simpler form by
taking into account egs. (2.14) we find

dg, [ox, + 3D [obtF =0,
96/3x,+3D/3S,=0, (9.3)

Ap=%

o’
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where

Y = ¢k +g, %4

was introduced earlier as a mixed convective poten-
tial. It takes into account the work @ due to the po-
tential forces on the unit mass.

Isothermal case
Assuming that all transformations occur isothermally
at the constant temperature Ty amounts to putting
8 =0 in egs. (9.3) and eliminating S from the equa-
tions. The result may however be obtamed directly
and very simply by introducing the condition 8 =0
from the start in the principle of virtual dissipation.
For 8 =0 egs. (2.14) yield

V(3 =0. (9.5)

This determines o as an implicit function of £, and
M Hence

p =‘V(§p,Mk). 9.6)

The dissipation function with suitable coefficients is

D =2 LKk il At 97
2 klij y ( )

The unknowns are now £ o and Ml.k . By varying these
unknowns, the principle of virtual dissipation (8.10)
yields

j amk
! i (9.8)
4,=R,.

Since 6 = 0 the thermobaric potential ¥, is reduced
to

piTo
th = f

poTo

dp} /oy (9.9)

10. Energy flux theorem

A fundamental energy flux theorem may be de-
rived by adding the field equatxons (9.3) after multi-
plying the first group by M the second group by S
and the third group by E Usmg relations

=2D+Q,R §
> obo

(10.1)

=239D jrk 4 Z)aaq’s+2fns

P aMk S

derived from (8.11) and Euler’s theorem on quadratic
forms, we obtain (since 38/0x; = 0T/dx;)

Z(M" O BT ¢

ik axl. axi
From (7.6) and (7.9) we may write

) Z)As+Ts*—o (10.2)

M= 2 amFjax, S =— 2038 ox, +5*. (10.3)
i i

Hence eq. (10.2) becomes

oF,
; . -
z axi+zk>¢kMk+TcS ~§Ap.§p-o (10.4)
with
F= ;gole.k + TS, (10.5)

The last terms of eq. (10.4) may be written as
Lo M+TS — o4 ¢
k o PP
= ? (¢, + Q)M + 05 — ?;Apgp +Tys  (10.6)
or according to egs. (2.3) and (2.14)
E gokMk +TS — EA £
k P P3P

D+ T, +2};ng=@¢ +Zk) QM. (10.7)
Hence eq. (10.4) becomes
20 oF fox, + U +Zk)gM"=o. (10.8)

The terms U + Zy ng represent the rate of increase
of energy per unit volume, and F; is the energy flux
vector. Eq. (10.8) constitutes an energy flux theorem.
Using relations (2.15) and (7.5) we write

=TG- T5, + G,

H,
SN ek WT SN ek
§,= i s Mf+5] -Zk)skMi = (109)
With these values the energy flux vector (10.5) be-

comes
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- = ko f
F= 23+ QY Mf 4,

For a single substance and one-dimensional rate of
mass flow and heat flow M and H in steady state, eq.
(10.8) yields

F=(E+@)M+H = Const. (10.11)

If we apply this to an entrance and exit point for
which H = 0 we obtain (since # = Const)

€+ @ = Const, (10.12)

which is the classical relation for the Joule—Thomson
effect in terms of the enthalpy €.
The kinetic energy has been neglected in the fore-

going derivation. It has been included in a more elabo-

rate treatment of thermomolecular diffusion [17].

11. Complementary variational principle and
corresponding field equations. Chemical waves

Eqgs. (9.3) are linear in Mik and Si- They may be
solved for these unknowns. Because of the symmetry
of the coefficients we may write the solution in the
form

MF = —3Doxk, §,=-2Dax, (11.1)
where
xk= 3¢, /3x;, X, =00/9x,, (11.2)

are dissipative forces and

@ =3 Ll xlxk+ D Lkxkx

1
- L. X. X,
Ikij kij SAr g vor

is a quadratic form in X ik’ X; whose coefficients de-
pend on the local state variables § o MFK and S . From
Euler’s theorem and eqgs. (11.1) and (11.2) we derive

C
¢ 3 3D° X, +Ea@°
ik axk %

——Ek ,. ES ae (11.3)

ax

Introducing relations (9.3) this becomes

(10.10)

o33 ik 22
ik !

i Z,;S' 25, =22 (11.4)

Hence
D°=7. (11.5)

The dissipation function D © is the same as D but is
expressed in terms of dissipative forces X and X;.
From (7.7)—(7.9) and (8.11) we have the relatlons

M= _ E aM}‘/ax,.,
S = — 27 a8fax, + 20T + DAET. (11.6)
4 P

Substitution of expressions (11.1) into these equa-
tions yields

i = E ) (B(DC)

ax¥
=Eaxl(a®;) (2CD°+EAP ) (11.7)
£ =1 (&, M 3). (11.8)

The last set of equations for 2 is analogous to (6. 14)
and is derived from chemical kmetlcs

11.1. Complementary variational principles

We may also consider 6, ¢, and £, as the unknown
variables. It is immediately verified that in this case
eqs. (11.7) and (11.8) are equivalent to the variation-
al principle

f[Z;)Mkaqskﬂci ~§*)56
Q

- ¢ c
2, ~ 1,9, +5,D ]dQ

+ f[EMfagbk +ESi69:\n.dA =0, (119)
a Lik i t

with arbitrary variations 8¢, = 8y, 80 and 8¢ - The

vector #; is the unit normal at the boundary 4 of Q,
and we have put

*1(2<2>°+§,Apfp). (11.10)

The symbol §; indicates that in @ © the coefficients
L are not varied. Another formulation is obtained by
replacing 8$p by BAp. This can always be done since
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8%, is arbitrary. Taking into account the relation

'EMkeS(pk +8560 ~ 2 £ 84
k ) P P

_EMks———+d6———+E.§ 8 ——6;1",
(11.11)

where the symbol 8, indicates that in CV the time
derivatives Mk, § and E are not varied, we write

f(atcv +8, D —§*56 + Zp?fpaAp)dsz

Q

+Af(§ Wk 5o, + Zi)sise)nidA =0.  (1L12)

This constitutes an alternative form of the complemen-

tary variational principle (11.9).
11.2. Isothermal case and chemical waves

Consider the particular isothermal case where the
temperature T = T}, is constant (§ = X; = 0). The un-
knowns in this case are M* and Z,, since & isnow a
known function of these variables through the rela-
tion 3V/0 $ = 0. Eqgs. (11.7) are reduced to

o2 (3D _
7 —? ax,-(aXl." ) E=f(,.M).  (1113)
These equationé are further simplified by noting that

the local state is determined by the variables

mk=2;/ v £, +ME. (11.14)
Hence-we may write
g, =1 (m). (11.15)

The coefficients of D° as well as ¢, are also func-
tions of my. Therefore eqs. (11.13) imply

Cc
g = 23 %(a@k) ¥ kapf;
R AT ¢ o
which constitute a complete set of equations for the
unknowns 7.

Chemical waves correspond to periodic solutions
in space and time. For simplicity consider a one-
dimensional distribution along x without external
force field (@ =0, ¢, = ¢, ). Egs. (11.16) become

(11.16)

C
h oD 2 Ve (11.17)
with X% = 0y /0x. We put
mk=mk(§), (11.18)
as periodic solutions of the single variable
{=x-—ut, (11.19)

where v is the velocity of propagation. Substitution
of (11.18) into (11.17) yields

dm c
v d[D
‘””dg_"dg(axk )*?”kpﬁa

a set of ordinary differential equations with the inde-
pendent variable {. Chemical waves are thus given by
characteristic values of v for which egs. (11.20) have
periodic solutions in §.

The treatment of chemical waves illustrated here
on a particular case is derived from a general and sys-
tematic process, in contrast to current procedures
[18].

(11.20)

12. Variational-lagrangian thermodynamics of active
transport in biological membranes

A thin membrane separates two reservoirs of cell
potentials P~ and V" which represent the outside
environment. An external mass flow occurs through
the faces of the membrane. An internal mass flow
through “carrier” molecules as well as coupled chem-
ical reactions take place inside the membrane. These
chemical reactions produce a strong coupling between
external mass flows, some of which may be in opposi-
tion to the concentration gradient. This so-called ac-
tive transport has been the subject of extensive studies
by a number of biochemists and particularly by Kat-
chalsky and Spangler [20].

This phenomenon is a particular case of coupled
diffusion and chemical reactions obeying the general
equations of the preceding sections. However the
variational-lagrangian analysis developed earlier [3 4,
21] for collective thermodynamic systems is particu-
larly suited to the treatment of active transport (see
section 13 below). An essential feature of the meth-
od is the description of the continuous field by a dis-
crete set of variables called generalized coordinates.
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From the standpoint of the physicist this representa-
tion is completely general since the number of coor-
dinates may be arbitrarily large up to a ‘“‘resolution
threshold” as pointed out earlier {19]. The mem-
brane being thin we consider the system to be iso-
thermal at the temperature Ty (6 = 0). We also assume
that there is no external body force field (¢ = 0), and
that the system is linear in the vicinity of equilibrium.

The membrane is considered to be a one-dimen-
sional system with the coordinate x normal to the
faces which are located at x = —g and x = a.

Lagrangian equations which govern the time evolu-
tion of general linear thermodynamic system were
developed and applied by the author in 195455 [3,
21]. They are directly applicable to the present case
and are written

oD
é-(;l-(V+Cvext)+—l-0, (12.1)
where
+a +q
ve [ wax, D=iT, [§*ax. (12.2)
-a

The collective potential V of the membrane is a qua-
dratic form in the generalized coordinates q; and the
dissipation function D is a quadratic form in ¢;. The
quadratic forms have constant coefficients and are
positive definite. The collective potential of the en-
vironment is

Cvext =Y+ CV+’
where Y ~ and W™ are respectively the potential of

reservoirs in contact with the facesatx = —g and x =
a. We may write (12.1) as

aV/dq, +3D/dq; = Q,,

(12.3)

(12.4)

with thermodynamic driving forces Q; = —0V,,,/9q;.
The lagrangian eqs. (12.1) may also be considered as
a consequence of the principle of virtual dissipation
(8.10) written in the form
+q
8Vt [ 6V +Tys%)dx =0, (12.5)
—a

The state of the membrane is described by M';(x)
the mass displacement distribution of each chemical
species along x and by the reaction coordinate § o for
each reaction. The membrane being thin we shall ne-
glect the mass storage m, . Hence putting m g =0in

eq. (7.10) we derive the mass conservation constraint
in the form

k -
aM¥[ox = %7 ek (12.6)
which establishes a coupling between the mass trans-
port and the chemical reactions. Putting m; = 0 also

impliesY = 0. Hence the lagrangian egs. (12.4) are
reduced to

aD[2q; = Q. (12.7)
The dissipation function is

+q
D= f D dx, (12.8)
where

_ . __]_ N l ..
D=4 Ty =2 Lk‘__‘,ck(Mx) + UZP)Bop t £ (129)

The coefficients C}, represent uncoupled molecular
diffusion. We assume homogeneous properties so that
Gy and B, are constants.

We now introduce generahzed coordinates g 9,
and {,, by wrxtmgM in the form

o E 090" E VeoSap Fap™®)>  (12.10)
where F ap are suitably chosen functions of x with
the property

?Tap(—a) = ?ap(a) =,

For example we may choose trigonometric functions
of the type

(12.11)

sin (nmxfa), cos [(n+3)mx/a], n=0,1,2,..,.

(12.12)

Substitution of expressions (12.10) into the mass
conservation constraint (12.6) shows that it is satis-
fied if we put
£=—q,+ %}fapd?ap/dx. (12.13)
It is convenient to separate the functions ¥, o(X) into
a symmetric group where ¥ (x) = F, ( x) and an
antisymmetric group where ?9 o(X) ==, (—x). We
also use 7 as a single index to mdlcate a11 palrs of in-
dices ap. The variables ¢ ap T€ then denoted by ¢; and
{;. depending on whether associated with symmetric
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or antisymmetric functions ?Tcw, By substituting the
values (2.10) and (12.13) in the dissipation function
(12.9) it separates into two uncoupled terms

D=D +D,, (12.14)
where
1 WD Y
by = 2? et Eb 1985+ ?biffiff’
(12.15)
1 s
Da”2 E ?bpquc ?bij§i§j'

o

The corresponding lagrangian equations are also un-
coupled. They are

oD, /34, = 0,
aDs/agj =0,

oD, 04, = 0,

% (12.16)
aD,/35; = 0.

The variables {; and éi play the role of internal vari-
ables [see eq. (13.3) below] . The driving forces are

— g — +
O = 9V /04y, = O — B

0, =—0V 04, = 2ralgy + 1)y, (1217)
where qb,; and ¢>;: are the convective potentials of the
environment at the faces x = —¢ and x = a. Consider
for example the first group of eqgs. (12.16) for ¢, and
§;- They are written

quk+z.>bki§‘=Qk’
Eb ql+2b ¢,=0.

The matrix b;; being positive definite its inverse Ay
is also positive definite. The set of eqs. (12.19) may
be solved for {; as

(12.18)

(12.19)

4. (12.20)

Substitution of this value in eqs. (12.18) yields
e
Cedrg Kidy= Qo (12.21)

where

Z)Abb

i ij ki

These equations constitute a particular case of the

(12.22)

general impedance derived from linear thermodynamic
systems in 195455 [3,21] with internal coordinates
as explained in section 13 below. Since the matrix

Al-]- is positive definite the matrix K, is also positive
definite. This can be seen by writing

E Ky 77, IZ]_)AI.].ZI.Z]. >0, (12.23)
where
z,= Z;? b2y (12.24)

If the functions ?7ap are chosen to be the orthogonal
trigonometric functions (2.12) multiplied by suitable
coefficients they may be normalized so that

1 =1 2
2 ?bifftff‘z,zfi’

(12.25)

1 r_l 2
E _2ZI>§-15

2

and the coupling coefficient becomes the simple ex-
pression

Ky = ? by by

These results lead to the important conclusion that
the product

(12.26)

O dye = iy ?Klkqlqk’ (12.27)
may be negatlve The driving force @y, is the differ-
ence ¢ — ¢ of the convective potentials of the sub-
stance at each faces. Since this potential increases
with the concentration, a negative value of Q; ¢,
represents a “‘contragradient” flow in the direction of
the concentration gradient. This effect along with the
presence of a strong coupling coefficient Kj; is known
as ‘“‘active transport”.

Note that from eqs (12.16) we derive

qua—*+2§

The total dissipation and entropy production remains
positive as should be. As a consequence a negative val-
ue of O dk requires the simultaneous coupled flow of
at least two substances.

The symmetric coordinate q, represents a substance

=2D, = Z) 0,4, (12.28)

za;
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for which the same amount of flow occurs at each
face. Substance for which q; = 2, Vo = 0 do not
flow across the faces and correspond to “carrier mole-
cules” which are present only in the membrane. Their
behavior is represented entirely by the internal coor-
dinates ¢; and §;.

We have assumed a membrane of homogeneous
properties across the thickness. The same linear anal-
ysis may be carried out if the membrane is inhomo-
geneous. In this case the coefficients of D depend on
x. However the equations will not separate into un-
coupled symmetric and antisymmetric groups.

Periodic solutions cannot occur in the linear case.
Such periodic solutions associated with some cases
of active transport require an analysis based on the
non-linear equations developed in the two preceding
sections. '

13. General variational-lagrangian thermodynamics
of collective systems

In the foregoing analysis we have stressed chem-
ical applications. However the methods are complete-
ly general and are applicable to all thermodynamic
systems of macroscopic physics. This development
was initiated by the author in 1954 and further ex-
tended and applied in a large number of publications.
This development is briefly summarized hereafter.

13.1. Linear lagrangian thermodynamics

The development was initiated in the context of
linear thermodynamics [3,21,22], and leads to the
lagrangian equations

(d/dp) (3T/03,)+ 3Dfag, + 3 Pdq,=Q,,  (13.1)

where g; are perturbations from an equilibrium state.
The kinetic energy 7 the dissipation function D and
the mixed collective potential P are expressed by
quadratic forms with constant coefficients.

I s,
7=3 %;mifqiqf’ D“z‘?jbfi"iqﬁ

1
9—2 lzj;ai}.qiq]., (13.2)

and Q; are generalized mixed mechanical and thermo-

dynamic driving forces. They may include non-mech-
anical forces generated at the boundary by driving
cells of potential ' which contribute terms —9P'/dg;
to the value of Q;. The inertia terms are represented
by (d/dr) (3 T/0¢;). The forms T and D are positive-
definite while 2 may be non-definite depending on
the stability of the equilibrium state.

In many problems we may distinguish external and
internal coordinates ¢; and q,,. The lagrangian equa-
tions for this case are

(d/dn) (@ <7/(')(’[,‘7)"‘ 0D/dq, + dP/oq; = Q;,
aD/ad, +9P/dq, = 0.

It was shown [19,21] that driving forces may be ex-
pressed in terms of the external coordinates q; as

(13.3)

0= 2 2y 4P’ my) (13.4)
where

- 14 (s)
sz‘ESp Dy + Dy p + Dy, (13.5)

and p = d/dr is the time differential operator. The
fractional operator expresses the following integral
operation,

t

p df
PeT P _ppn= feXp [ (£ =01 3 dr' (13.6)
In these expressions 7, > 0 and the matrices Dgc) D;k

and Dy, are positive definite. These results were ap-
plied to viscoelasticity [3,21,22].

The treatment of active transport in section 12
constitutes a particular case of egs. (13.4).

13.2. Nonlinear collective systems

In the general nonlinear case the variational prin-
ciple of virtual dissipation takes the form [4,23]
8P+ 21,6q;+ 21X,8q;~ Q,8¢,=0,  (13.7)

l 14
where 8 is a restricted variation which does not in-
clude the entropy produced, and /; are generalized
inertia forces. The forces X; are generalized dissipa-
tive forces defined variationally by

EX sq,= [Tés*ag,
2

(13.8)
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which represents the virtual dissipation in the domain
€2 to which the variational principle is applied. The
variational equation (13.7) constitutes and extension
of d’Alembert’s principle to dissipative thermodynam-
ic collective systems. ‘

We may express the dissipative force in terms of
q; and rate vanables q, as
X, = Ry(a;,d)- (13.9)

The general equations of evolution of the system de-
rived from (13.7) are

9Paq+1,+R,~ Q;=0. (13.10)

A large number of thermodynamic systems are gov-
erned by these equations, which in many cases may
be written in the lagrangian form [4,23].

8T\ 9897 aso
& (aq ) aq aq +R; =0, (13.11)
 For quasi-reversible systems we may write
R,=3D[3G;, D=3 Z)b 94,4, (13.12)

where the dissipation function D is now a quadratic
form with coefficients functions of g;. How to apply
such equations in systems with large entropy produc-
tion 5* has been described in ref. {15] by introducing
additional variables ¢; describing the scalar field s*,

13.3. New heat transfer

For non-inertial systems with transport and diffu-
sion the lagrangian equations are of the type

BV/aqi+aD/6cii=Q (13.13)

Its application to heat transfer has been presented in
detail in a monograph [19]. It leads to a new approach
eminently suited to systems analysis without using
traditional heat transfer coefficients. Simple approx-
imations lead to remarkably accurate results. Among
the numerous applications we may cite also the work
of Lardner [24], Prasad and Agrawal [25], Chung

and Yeh [26].

13.4. Instability and dissipative structures

For small deviations from an equilibrium state the
perturbations satisfy eq. (13.1). For constant forces

Q; we may incorporate the terms —2; Q; ¢; into the
value of Pand the equation takes the form

(d/dr) (3F/3q,) + 3D/3q, + 8P/dq, = 0 (13.14)

If ? may become negative the state of equilibrium is
unstable. It was shown that dissipative structures ap-
pear in this case and that their amplitude is propor-
tional to real increasing exponentials, i.e. they are
nonoscillatory [4,5]. The existence of such dissipa-
tive structures for small deviations from a state of
static equilibrium has been overlooked in the current
literature [18,27] under the erroneous assumption
that such structures require the system to be nonlin-
ear while they appear as linear perturbations of a non-
equilibrium state of flow. The perturbations in the
latter case may be oscillatory.

In the nonlinear case an interesting example is
given by a layered viscous medium in steady compres-
sive flow in the direction of the layers. Folding of the
layers with a definite wavelength represents a dissipa-
tive structure. It was shown [4] that this may be de-
rived by applying the nonlinear lagrangian equation

aD[d4, =0, (13.15)

with the dissipation function (13.12) and considering
small perturbations around the state of steady flow.
A large number of references regarding such problems
may be found in ref. [28].
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